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INTRODUCTION. 


, 


The National I'ommiiteo on NVathomatiral Itoquirt'inentj* wa.** oipianised in the 
lata aumnier of iJMii under the aunpirt-a of the Mathcmatii'al AHMK*iation of America 
for the pur|H>tto of nivin^r national ex|mae<ioif to the movement for reform ip the 
tearhinp of tnatlieinatic'H, which had gui tied <'oiisiderahle heaiiway. in variouB )>aria 
of the country. /ihut which lacktHl the ptiwer that c<H>rdi nation and united etTort 
alone could give. 

The original nm leua of the comniittoe, app»>into<i hy Prof. K. H. lK<drick» tbei]^ 
prwident of the aJ^.slK*iati<)n. wndwt***! of the f(dlo\^ing: A. It. ('mthome, Tniversity 
l>f Illinois; K. II. Moon\ rnivemily of (*hicagi>; D. H. Smith, (dumhia rniversity; 
II. \V., Tyler. .Ma!^chuM>Ua Institute of Tec**--* n 

I 1 !%• V 1.. 


was instructed to add ita membership ho a« 

secondary s^^hool interests, and then to undertake a comprehenaivo study of the 
whole problem concerned a*ith the improvement of mathematical ed ucaupu-aiid to 
cover the field of ee«'ondary and collegiate tnatliemaiics. ^ 

This group held ita lirst meeting in September, 1916, at Cambridge, kten. At 


Uni versify; and J. \V. Young, Uaritnouth 
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INTROnrCTIOX. 




In the spring of 1919, howevor, and again in 1920. the commitiee Waa fortunate 
id aei'uring genemiu ap'pmprialiona from the fleiioral Kkitication floant of ^>w York 
City for proeecution of iu* work.* 

Thia made it poniblo greatly to oxleiul tbe comiiuitA^'tt aitivitice. Thu .work 
waa planned on a largo acalo for the purixvtc of organizing a truly nation-wide dw- 
cumion of the problcma facing tho <'«mmittee. and J. W. Young and J. vA. Fol>erg 
were selected to devote their whole time to the work of the ct>mmittee. Suitable 
office apace waa secured and adequate stenographic and ;Clerit'al help waa emplo)'od. 

The nwultaof the committoi* a work and delil>erationaan» pnwenUHl in the following 
report. A word^aa to the methoila employed may. howeverv be of interest at this 
point. The commijteo attempUni io establish, working c'ontai'l with all drganiru- 
tioiia of teachers and others intenwted in its problems and to stviire their active 
assiaunc'o. Nearly ioo such organiaati^ have Uken |iart in this work. A list of 
these organizations will be found in the complete report of the committee. lYovi- 
. aioiuil reports on various phastw of tho j>roblem were submittod to these roo|)orating 
orgamzationa in advance of publication, and criticiams. obmments. and suggestions 
for iroprovemenf were invited from individuals and s|>ecial cooperating commilte<w. 
The rs|)orts previously published for the committee by tho United States Hureau of 
Education .* and in The Mathematic Teacher * and deaignated as '* preliminary" are 
tho reault of this kind of coo|ieration. . The value of such assisunce mn hardly l>e 
ov^reatinuitod and the committee desires to express to all individuals, or.ganizations, 
and educational jouruaia that have taken jiart its btwty appre<'ialion and thanks. 
Tho commiUoo believtw it.is safe to any, in view of the methods usiHi^n formu- 
lating them, that the rvt'omm'endations of this lioal nq>ort have the approval of tho 
great majority oT |>rdgresaivo U^'hcrs throughout tho couii(r>*- 
No attempt has Wen rondo in this re|>ort io tra*'e the origin aijfd histor>' of the 
^various proposals fuid movomei^ for reform nor to give credit either to in<lividuals or 
organizations for initiating them. A convenient starting point for the historv** of tho 
modem movement in this country may be ffiuod in E»ll. Moore s pnwideniial addnws 
before the American Mathematical Society in 1902.* Hut the movement here is only 
One manifeetation of a movement that is world-wide and in which ver>* many indi- 
viduals and organizations havo played a prominent fiart. Tho student interested 
in this phase of the subject is rofcrred to tho extensive publicaliona of the Interna- 
tional Commission on the Teai'hing of Mathematk:^, to tho Hibliography of the Teach- 
ing of Mathematics, 1912, by D. E. Smitb'and C. OoldziherfU. S. Bur. (d Educ., 

Bull., 1912, No. 29^ and to the bibliography fainco 1912) to be found in the Ampleto 
report of tho national committee (Cb. XVI). 

The national committee expects to maintain its office, with a certain ^amount of 
clerical help, during tho year 1921-22 and j|erha{w for a longer period . I t is ho|)od that 
ih this way it may continue to serv'o as a clearing bouse for all activitioe looking to 
the improvement ofistbe toachii^ of mathematics in this country', and to assist in 
bringing about the effective adoption in practice of tho recommendations made in 
the following report, with such modil'ications of them as continued study and experi- 
mentation may show to be desirable. 

. * Amin in Nov., 1921, th« Educatloo Board made appropriatioofl.to cover the expense, of 

pobUshiog and dbtrlbuiins the rompleto report of the oommittoe and to enable Ihe oommiUee to c;arf7 
oa certidn phaaw of Its work during the year 1922. 

•TbsBsoigaoisaitaQofihe KlritCounM In Seeondary School llatbemaUcs, 0.8. Bureau of KducaUon, 
8sooodary8ohoolCinklar,No^5, February, 1«U. II pp. Junior Uigh School IfathemaUcs, 0.8. Buraau 
of Education, Secondary School Clieular, No. 0, July, llOD. 10 pp. Tho FuncUon Concept in Seeoodary 
School ICatbemaUc^, Sertedary School Circular No. 8, June, 1921 . 10 pp. 

« twins and Symbols in Elementary Mathematics, The llalhenutics Teacher, U: 107-118, Maroh, ion. 
Kleettva Courses ia MathemsUctfor Secondary Schools, The MsthemsticsTeeciier, 14: 141-170, Apr«l, 1981 
Oollego Kalnnoe Requirements In Mat hematics. Ttie Matbeoiatiot Teacher, 14: 224-a4S,'lCay, 102.' . 

' 4E. B. Moore: Oath# Fou nd ations of Mathomatloo. BuUoUn of ibo Amerteaa Mathematloal 8odoty« 
^tatOO^), p. 402. tMoneo, 17: 
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THE KEORGAMZATION OF MATHEMATICS IN SEC- 
ONDARY EDUCATION.. 

% 


V. 

^ Chapter I. 

A BRIEF OUTLINE OF THE REPORT. 


Tho pivsont chapter pivos a hriof goneral outline of the contents of 
this pamphlet for the purpo&o of orienting the reader and making it 
possible for him to gain quickly an understanding of its aoop^ and 
the problems which it considers. 

^*he valid aims and purposes of instruction in maihematioa aro 
considered in Chafer II. A formulation of such ainfia and a stato* 

• nient of genera) principles governing the committee's work is necessaiy 
as H basis for the later specific recommendations. Here will be foun^ 
the reasons for including mathematics in the course of study for all 
soron<lary school pupils. 

To the end that all pupils in the period of secondary educatitm 
slmir gain early a broad view of the whole held of elementary maths* 
mutics, and, in particular, in order to insure contaetTwith tUsimpor-. 
ttjnt- clement in socondary education on the part of the very laige 
number of pupils who, for one rettson or anotlier, drop out of sch^ 
hv the end of the ninth year, the national committee recommends 
rmphaticany that the ct>urse of study in mathematic^ during the' 
s<*venth, eighth, and ninth years (u>ntain the fundamental notions 


of aritlunetic, of algebra, of intuitive geometry, of numerical trigo* 
nometry and at least an introduction to demonstrative goometiy, 
ami that this body of material be re(|uire.d of all secondary school 
pupils. A detailed account of this material Is given in Chapter III. 
('aieful study of the later years of our elementary schools, and edm- 
pacison with European schools, have shown the vital need of rooi)faD- 
ization of matheniatical instruction, especially in the seventh' and 
eighth years. The yjny strong tendency now evident to consider 
elementary education ns ceding at the end of the s^th school year, 
and to consider the years from the sev^lh to the twelfth inclusive 
as comprising years of secondary eddi^tion, ^ves impetus to the ' 
movement for reform of the teaching of mathematics at thia stage* ^ 
The necessity for devising courses of study for the new junior hi^ 
*8ch(^, comprising the years seven, eight, and nine, enables us to 
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• present a body of materials of instruction, and to propose organiza- 
tions of this material that will be valid not only for junior “high 
schools conducted as separate schools, but also for years seven and 
eight in the traditional eight-year elementary school and the first 
year of Jthe four-year feigh school. 

While Cliapter Ilf is devoted to a consideration of the body of- 
material of instrucUon in mathematics that is regarded as of sufTi- 
cicnt importance to form part of the ccWirsc of study for all secondary 
school pupils, Chapter IV is devoted ta consideration of the types of 
material that properly ^nte^ into courses of study for pupils who 
continue their study of mathematics bip’ond the minimum regarded 
as essential for all pupils. Here will be pound recommendations con-- 
ceming the traditional subject matter \of the tenth, eleventh, and 
twelfth school years, and also certain n^aterial that heretofore has 
been looked upon in this country ns belonging rather to college 
coumes of study; as, for instance, the elementary ideas and processes 
of the calculus. ^ * 

Ch£(pter V is devoted to a study of the types of secondary school 
instruction in mathematics that may Be looked upon as furnishing 
the best preparation for successful work in college. This study leads 
to the conclusion that there is no conflict between the needs of those 
pupils who ultimately go to college and those who do not. Certain 
very defina%ejj|C on^tt endation3 are made' as to changes that appear 
.desirable in?me statement of college-entrance requirements and in 
the type of coUege-en trance examination. 

Chapter VI contains^ists of propositions and constructions in plane 
and in solid geometry; The propositions are classified in such a 
way as to separate from others of less importance those which are 
regarded" *as so fundamental that they should form the common 
minimum of any standard course in the subject. This chapter has 
close connection with the two chapters which immediately precede it. 

The statement previously made in our preliminary reports and 
^ repeated in Chapter II, that the function concept should serve as a 
unify^ing element running throughout the instruction In mathematics 
of the secondary school, has brought many requests for a more 
precise definition of the r61e of the function concept in secondary 
school mathematics. . Chapter VII is intended to meet this demand. 

Recommendations as to the adoption and use of terms and sym-, 
bols in elementary mathematics are. contained in Chapfer VIII.'^ It 
is intended to .present a norm embodying agreement as to best current 
practice. It will tend to restrict the irresponsible introduction of 
new tehns and, symbols, but it does not clpse the door entirely on 
innovations that may^^from time to time prove serviceable and de- 
i^ble. 


OUTLINE OF THE REPORT. 


8 


The chapters of the complete report thus far referred to appecff in 
full in this summary. The remaininj; chapters of the complete report 
j'iye for the most part the results of special investigations prepared 
for the nationfd committee.* The contents of these chapters are 
indicated sufficiently at the end of the present summary to enable 
the reader to decide whether or not he is interested in the studies 
mentioned, and whether or hot he desires the complete report. 

Oopics of the complete report of the national committee, wliich 
will probabl\ be ready for distribution in the spring of 1922, pay be 
had, free of charge, upon application addressed to the chairmani 
Prof. J. W. Young, Hanover, N. H. . ^ 
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Chapter U. 


AIMS OF MATHEMATICAL INSTRUCTION— GENERAL 
PRINCIPLES. 


I. INTRODUCTION. 4 

^ ^ y : 

A discussion of mathematical education, and of ways and means of 
enhancing its value, must be approached first of all on the basis of a 
precise and comprehensive formulation of the valid aims and purposes 
of such education.' Only on such a basis can we approach intelli- 
gently the problems relating to* the selection and organization of 
material, the methods of teaching and the point of view which should 
govern the instruction, and the qualifications and training of the 
teachers who impart it. ' Such aims and purposes of the teaching of 
mathematics, moreover, must be sought in the nature of the subject, 
the r61e it plays in the practical, intellectual, and spiritual life of the 
world, and in thejnterests and capacities of the students. 

Before proceeding with the formulation of thescJ aims, however, 
we may properly limit to some extent the field of our enquiry. We 
are concerned primarily .with the period of secondary education — 
comprising, in the modem junior and senior high schools, the peri^ 
beginning with the seventh and ending with the twelfth school ye^ 
and concerning itself with pupils ranging in age normally from 12 to 
18 jears. References to the mathematics of the grades below tl^ 
seventh (mainly arithmetic) and beyond the senior high school 
be only incidental. * 

Furthermore, we are primarily concerned at this point with what 
may be described as general’’ aims, that is to say aims which are 
valid for large sections of the school population and which may 
nroperiy be thought of as contributing to a general education as 
distinguished from " the ^ecific needs of vocational, technical, or 
professional education. ^ 

II. THE AIMS OF MATHEMATICAL INSTRUCTION. 

With these limitations in jmnd we may now approach the problem 
of formulating the more important aims that the teaching of mathe- 
matics should serve. It has been customary to distinguish three 

> Beterance m»y here be made to the fonnulatibii of the principal aims In education to be found In the 
Cardinal Prtadpleaof 8econdar>' Education, published by the U. S: Bureau of Educatltm as Bulletin No. 
55, 1918. The main objectives of education are there stated to 1>et 1 . Health; 2. Command of fundamental 
prQoesscs;3. Worthy home membership: 4. Vocation: 5. Citizenship: 0. Wortby useof leisure; 7. Ethical 
character. Theee objectives are held to apply to all educatlbo-elemeotary, sewndary^and higher— and 
allsubjeccs of lustructioo are to contribute to their achievement. 
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classes of* aims: (1) Practical or. utilitarian^ (2) disciplinary^ (3)' 
cultural: and such a classification is indeed a convenient one. It 
should be kept clearly in mind, l)owever, that the three classes 
mentioned are hot mutually exclusive and that convenience of dis- 
cussion rather than logical necessity often assigns a given aim to one 
or the. other . of the classes. /^Indeed any truly disciplinary aim is 
practical, and in a broad sense the same is true of cultural ainlsO^ 

Practical aitns . — By a practical or utilitarian aim, . in the narrower 
sense, we hiean then the immediate or direct usefulness in life of a 
fact, method ^r process ip mathematics. 

1. The immediate and undisputed utility of the fundamental proc- 
esses of arithmetic in the life of every individual demands our first 
attention. The first instruction in these processes, it is true, falls 
outside the period of. instruction which we are considering. By the 
end of the sixth grade the child should be able to catry out the four 
fundamental operations with integers and w'ith common and decimal 
fractions accurately and wdth a fair de^ee of speed. This goal can 
be reached in all schools — as it is being reached in many — if the work 
is done under properly qualified teachers and if drill is confined to 
the simpler cases which alone are of importance in the practical life 
(»f the great majority'. (See hiore specifically, Ch. Ill, pp. 7, 18.) 
Accuracy and facility in numerical computation are of such vital 
importance, however, to every individual that effective drill in this 
subject should be continued throughout the secondary school period, 
not in general as a separate topic, but in connection w'ith the numerical 
problems arising in other work. In this numerical work, besides 
accuracy and speed, the following aims are of the greatest importance: 

(u) A progressive increase in the pupil’s understanding of the nature 
of the fundamental operations and powder to apply them in new 
situations. T^ fundamental laws of algebra are a potent influence 
in this direction. (See 3, below.) 

(b) Exercise of common sense and judgment in computing from 
approximate data, familiarity with the effect of small errors in 
measurements, the determination of the number of figures to be 
used in computing and to>be retained in the result, and the like. 

(c) The development of self-reliance in the handling of numerical 
problems, through the consistent use of checks on all numerical 
work. 

2. Of almost equal importance to every educated person is an 
understanding of the language of algebra and the ability to use this 
language intelligently and readily in the expression of such simple 
quantitative relations as occur in every-day life and in the normal 
reading of the educated person. 

ApprjBciation of the significance of fdrmiilas and ability to work 
out simple problems by setting up and soWing the necessary equations 
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must nowadays be included, among the minimum requirements of 
any pn>gram of universal education. 

3. The^development of the ability to understand and to use such 
elementary algebraic methods involves a study of the fundamenlal 
laws of algebra and at least a certain minimum o Alrill in algebraic 
technique, which, when properly taught, will furnish the foundation 
for an understanding of the significance of the processes of arith- 
metic already referred to. The essence of algebra as distinguished 
from arithmetic lies in the fact that algebra concerns itself with the 
opecations upon numbers in general, while arithmetic confines itself 
to operations on particular numbers. * 

4. The, ability to understand and interpret correctly , graphical 
representations of various kinds, such as nowadays abound in popular 
discussions of current scientific, social, industrial, and political prob- 
lems will also be recognized as one of the necessary aims in the edu- 
cation of every individual. This applies to the representation of 
statistical data, which is becoming increasingly important in the 
consideration of our daily problems, as well as to the representation 
and understanding of various sorts of dependence of one variable 
quantity upon another. 

5. Finally^among the practical aims to be served by the study of 
mathematics should be listed familiarity with the geometric forms 
common in nature, industry, and life; the’ elementary properties 
and relations of these forms, including their mensuration ; the develop- 
ment of space-perception; and the exercise of spatial imagination. 
This involves acquain^^ce with such fundamentaf ideas as con- 
gruence and similarity and with such fundamental facts its those 
concerning the sum of the angles of a triangle, the Pythagorean 
proposition and the areas and volumes of the common geometric 
forms. 

Among directly practical aims should also be included the acquisi- 
tion of* the ideas and concepts in terms of which the quantitative 
thinking of the world is done, and of ability to think clearly in terms 
of those concepts. It seems more convenient, however, to discuss 
this aim in connection with the disciplinary aims. 

Disciplinary aims . — We would include/liere those aims which 
relate to mental training, as distinguished from the acquisition of 
certain specific skills discussed in the preceding section. Such 
training involves the* development of certain more or less general 
characteristics and the fohnation of certain mental habits which, 
beeides being directl}^ applicable in the setting in .which they are 
developed or formed, are expected to operate also in more or less 
closely related fields — that is, to 'transfer to other situations. 

The subject of the transfer of training has for a number of years 

.jb^ e very controversial one* Only recently has there be^ any 

; • 'A. 

^ 1 *' ^ . ‘w, ^ ^ 
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evidence of agreement among the body of educational psychologists. 
We need not at this point go into detail as t^ the present status of 
disciplinary values since this forms the subject of a separate chapter 
in the complete report (Chap. IX; see also Chap. X). It is suffi- 
cient for our present purpose to call attention to the fact that most 
psychologists have abandoned two extreme positions as to transfer 
of training. The first asserted that a pupil tiained to reason well 
in geometry would thereby be trained to reasoia equally well in any 
other subject; the second denied the possibililv any transfer, 
and hence the possibility of any general mental Iraining. That the 
effects of training do transfer from one field of learning to another 
is now, however, recognized. The amount of transfer in any given 
case depends upon a number of conditions. If these conditions are 
favorable, there may be considerable transfer,' but in .any case the 
amount of transfer is difficult to measure. Training in connection 
with certain attitudes, ideals, and ideas is almost universally admitted 
by psychologists to have general value. It may, therefore, be said 
that, with proper restrictions, general mental discipline is a* valid 
aim in education. 

The aims whiph we are discussing are so important in the restricted 
domain of quantitative and spatial (i. e.. mathematical or^artly 
mathematical) thinking which every edi^ated individual is called 
upon to perform that we dJ not need for the sake of our argument 
to raise the question as to the extent of transfer to less mathematical 
situations. 

In formulating the disciplinary aims of the study of mathematics 
the following should be mentioned:* 

(1) The acquisition, in precise form, of those ideas or concepts in 
terms of which the quantitative thinking qf the world is done. 
Among these ideas and concepts may be mentioned ratio and measure- 
inent (lengths, areas, volumes, weights, velocities, and rates in gen- 
eral, etc) , proportionality and similarity, positive and negative 
numbers, and the dependence of one quantity upon another. 

(2) The development of ability to think clearly in terms of such 
ideas and concepts. This ability involves training in — 

(fl) Analysis^ of a complex situation into simpler parts,. This in- 
cludes the recognition of essential factors and the rejection of the 
irrelevant? 

(6) The recognition of logical relations between interdependent 
factors and the understanding and, if possible, the expression of such 
relatioqa in precise fonn. : . j 

(c) GeneraHzation; that is, the discovery, and formulation ojr a 
g^eral law and an understanding of its properties and applications. 

(3) l^e acquisition of mental habits and attitudes whidi^will make 
the^ above triuning effec^ve in the life 6f the individual. 
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such habitual reactions are the following: A seeking for relations and 
their precise expression; an attitude of enquiry: a desire to under- 
stand, to get to the bottom of a situation; concentration and per- 
sistence; a love for precision, accuracy, thoroughness, and clearness, 
and a distaste for vagueness and incompleteness; a desire for orderly 
and logical organization as an aid to understanding and memory. ^ 

(4) . Many, if not all, of these disciplinary aims are included in the 
broad sense of the idea of relationship or dependence — in what tl^'" 
mathematician in his technical vocabulary refei's to as a “function’* 
of one or more variables. Training in “ functional thinking,*’ that is 
thinking in terms of relationships, is one of the most fundamental 
disciplinary aims of the teaching of mathematics. 

Cultural aims , — By cultural aims we mean those somewhat less 
tangible but none the less real and important intellectual, ethical, 

^ esthetic or spiritual aims that are inyolved in the development of 
appreciation and insight and the forwRion of ideals of perfection. 
As will be at once apparent the realization of some of these aims 
must await the later stages of instruction, but some of them may 
and should operate at the very beginning. ( 

* More specificalK^ wo may mention the development or acqihsition 
of— ¥ \ 

(1) Appreciation of h^auty in the geometrical forms of nature, art, 

and industry. ^ 

(2) Idoids of perfection as to logical slriK turo; precision of state- 

ment of thought; logical reasoning (as exemplified in the geo- 
metric demonstrathm) : discrimination between the true and the 
fa^etc. , • 

(3) Appreciation of the power of mathem'litics — of what Byron ex- 
pressively called “the pwerof thought, the magic of t he mind** 
aiitl thai^61c^at mathem%tics and abstract thinking, in general, has 
played Ifflhe development of civilizafign; in particular in scionce, in 
industry, and in philosophy. In this connection mention shouFd be . 
made of the religious effect, in the broad sense, which th<^ study of the 

• permanence of laws in mathematics and of. the infinite tends to 
establish.^ 

III. THE POINT OF VIEW GOVERNING INSTRUCTION. 

The practical aims 'enumerated above, in spite of their vital im- 
portance, may without danger be given a secondary position in seek- 
ing to formulate the general point of view which should govern the 

• D. E. Smith: Mathemaiirs in the Training for ntiiensha>, Teachers College Rwonl, vol. 18, llaV» 

P-fl. 

* For an daboralion of the ideas hero preiieDted in the barest outline, the reader is referred to the articJe 
by P. K. Smith already mentioned and to bia preatdential address before the Mathematical Associatioo of 
AmCfloa, WeUesley, Maas., Sept. 7, 1921. 
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toAchor, provided only that they re<‘cive due recognition in the selec- 
tion of material and that the necessary minimum of technical drill is 
insisted upon/ • . 

The primary purpoaea of the. teaching of mathematics should he to 
develop those powers of understanding and ' oj analyzing relations oj 
quantity and'^oj space which are. necessary to an insight into and control 
over oiir environment and to an appreciation oJ the progress oj civiliza- 
tion in its various aspects, and to develop those habits of thought and of 
action which uyill make these powers ejfective in the life of the individual , 
All topics. pro(*esses, and drill in technique which' do not directly 
contribute to the <levelopment of the powers menvioned should be 
oliminalcd from the curriculum. It is recognized that in tbe earlier 
|X‘ri<Kls of instruction . the strictly logical organization of subject 
nuUter^ is of less importance than the acquisition, on the part 
of the pupil, of experience as to facts and methods of attack on 
significant problems, of the powder to see relations, and of training 
in accurate thinking in terms of such relations. Care must be taken, 
however, through the dominance of the course by certain general 
i<leas that it does not become a collection of isolated and unrelated 


details. 

Continue<i emphasis throughout the course must be placed on the 
^ clevelopment of ability to grasp and to utilize ideas, processes, and 
prin(^)les in the solution oJ concrete problems rather than, on the 
acquisition of mere facility or skill in manipulation. The excessive 
emphasis now <*onimbnly placed on manipulation is one of the main 
obstacles to intelligent progress. On the side of algebra, the ability 
t4) umlci-stand its language and to use it intelligently, the ability to 
analyze a problem, to formulate it mathematic ally, and to interpret 
tlie result must be dominant aims. Drill in algebraic manipulation 
should he limited to those processes and to the degree of complexity 
required for a thorough understanding of firinci pies and for probable 
applications^ either in common life or in subsequent courses which a sub- 
stantial proportion of the pupils will toke. 1 1 must be conc-eived through- 
out as a means to an^ end, not as end in itself. Within these 
limits, skill in algebraic manipulation is important, and drill in this 
subject should be extended fur enough to enable students to carry 
out the essential prot‘ess(»s accurately and expeditiously. 

On the side of geometry the formal demonstrative work should be 
preceded by a reasonable amount of informal work of an intuitive, 
experimental, and constructive character. Such work is of great 
value in itself; it is neecicd also to provide the necessary familiarity 
with geometric ideas, forms, and relations, on the. basis of which 

* “The logical from tho atondiKtini of loihject matter represients the goal, the la«tt term of traitUnf, dqI 

I he point of departure.** Dawey, *' How We Think,'* p.«2. 
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alone intelligent appreciation of formal demonstrative wOrk ia 
possible. ' 

The one great idea which is best adapted to unify the course is 
that of the/umtioruil rdation. The conc^ept of a variable and of (he 
dependence of one variable upon another is of fundainnent al importance 
to everyone. It is true (hat (lie general and al)stract form of these 
concepts can become signilicant to the pupil only as a result of very 
considerable mathematical cxpericn< e and traiiving. There is nothing 
in either concept, however, which prevents the presentation of specific 
concrete examples and illustrations of (lepenclanee even in the early 
parts of the course. Means to this end will be found in connection 
with the tabulation of data and the study of the formula and of the 
^aph apd of their uses. 

The primary and underlying principle of the course should be tiio 
idea of relationship between variables, including the methods of 
determining and expressing such relationship. The teacher should 
have tliis idea constantly in rfiind, and the pupil’s advancement 
should be consciously directed along the lines which will present 
first one and then another of the ideas upon whicli finally the forma- 
tion of the general concept of funcliomdity depends. (h"or a more 
detailed discussion, of these ideas see Chap. VII below.) 

The general ideas which appear more explicitly in the course and 
under the dominance of one or another of which all topics should be 
brought are: <1) The formula, (2) graphic representation, (3) the 
equation, (4) measurement and computation, (5) congruence and 
similarity, (6) demonstration. These are considered in more detail 
in a later section of the report (Oiaps. Ill and IV). 

IV. THE ORGANIZATION OF SUBJECT MATTER, 

^'Oenerar' couraeft—We have already called attention to the fact 
that, in the earlier periods of instruction especially, logical principles 
of organization are of less importance than psychological and peda- 
gogical principles. In recent years thei^ has developed among 
many progressive teachers a very significant movement away from 
the older rigid division into “subjects” such as arithmetic, algebra, 
and geometry, each of whicli shall be “completed” before another 
is begun, and toward a rational breaking down of (he barriers separat- 
ing these subjects, in the interest of an organization of subject mattea 
that will offer a psychologically and pedagogically more effectiv? 
approach to the study of mathematics. 

There has thus developed the movement toward what are variously 
called ''composite,” “correlated,” '^unified,” or “general” courses. 
The advocates of this new method of organisation base their claims on 
the obvious and important interrelations between arithmetic, algebra, 
and geometry (mainly intuitive), which the student must graap 
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before he can gam any real insight into mathematical methods and 
which are inevitably obscured by a strict adherence to the cpncep- 
tion of separate “ subjects,” The movement has gained considerable 
new impetus by the growth of the junior high-school idea, and there 
can be little question that Ahe rosulte already achieved by those who 
are experimenting with the new methods of organization warrant the 
abandonment of the extreme “water-tight compartment” methods 
of presentation. - . \ ^ 

The newer method of organ iza\ion enables the pupil to gain a 
hreail view of the whole field of elementary methematics early in his 
high-school course. In view of the very laige number of pupils who 
drop out^if school at the end of the eighth or the ninth school year 
or who for other reasons then cea.se their .simly of mathematics 
this fact offChs a weighty advantage over the older type of organiza- 
tion under which the pupil studied algebra alone during the ninth 
V^hool year, to the complete exclusion of all contact with geometry. 
Alt shbuld be noted, however, that the specific recommendations 

to content given in the next two chapters do not necessarily imply 
the -ailoption of a ilifferent type of orgunization of the materials of 
instruction. A large number of high schools will for some time con- 
tinue to find It desirable to organize ihpir courses of study in mathe- 
inatics by subjects— algebra, plane geometry, etc. Such schools 
are ujgH to atlopt the recommendations made with reference to the 
content-of the separate subjecU. These, in the main, constitute an 
essential simplification as coihparcd with present practice; The 
economy of time that will result in courses in ninth-year algebra for 
instance, will permit of the introduction of the newer typo of mate- 
rial, iiuluding intuitive geometry and numerical trigonometry, and 
thus the way «-ill be prepared for the gradual .uloption in laiger 
measure of the roc.oinmendatioiis of this report. 

At the present time it is not possible to designate any particular 
order of topics Or any organization of the materials of instruction 
as being the best or as calculated most effectively to realize the aims 
and purposes here set forth. More extensive and careful experi- 
mental >york must he done by teachers and administrators before any 
such .d^esignation can be made that shall avoid undesirable extremes 
and th^t shall bear the stamp of general approval. This experi-' 
ment^ work will prove succcMful in proportion to the skill and insight 
exercised in adapting the aims and purposes of instruction to the 
interesta and capacities of the pupils, One of the greatest weak- 
nesses of the traditional courses js the fact that both the intereste and 
the capacities of pupils have received insufficient consideration and 
study. For a detailed account of courses in mathematics at a hum- 
68867«— 21 2 
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ber of the most successful experimental schools, the reader is referred 
to Chapter XII of the complete report. 

Required courses . — The national committee believes that the 
'material de^^ ribed in the next chapter should be required of all 
pupils^ and that under favorable conditions this minimum of work 
can be completed by the end of the ninth school year. In the junior 
high school, comprising grades seven, eight, and nine, tl»e coursn for 
these three years should bo planned as a unit with the purpose of 
giving each pupil ih^most mluabie mathematical training he is nj/ai6/f 
of receiving in' those yearSf with littTe reference to courses ivhich he mag 
or may not take in succeeding years. In particular, college-entj;aiu’t* 
requirements should, during these years, receive no specilic exmsidera- 
^ tion. Fortunately there appears to be no conllict of inten»st during 
this period between those pupils who ultimately go to college 'and 
those who do not; a course planned in accordance, with the principle 
just enunciated will form a desirable foundation for college preptira- 
tion. (SeoCh.\^) . 

• Similarly, in case of ’the at presefit more prevalent 8-4 school 
organization, the mathematical material of the seventh and eighth 
grades should be selected and organized as a unit with the same 
purpose: the same applies to the work of the first year (ninth grade) 

. 'of the standard four-year high school, anil to later years in wiu«*h 
mathematics may be a required subject. 

In the case of some elective courses the principle needs Ui he 
modified so as fo meet whatever specific vocational or technical 
purposes the courses may have*«r (See Ch. IV.) 

The movement toward correlation of the work in mathematics 
^jjnth other courses in the curriculum, notably those in science, is as 
y^ in its infancy. The results of such efforts will be watched with 
the keenest interest. 

The junior high-school movemeni . — Reference has several times been 
made to the junior high school.. The national conunittee adopted the 
following re^lution on April 24, 1920: ^ 

The national conunittee approves the junior, high ncllool form of organization, and 
uigea ita general adoption ii^tho conviction that it will secure greater efficiency in the 
teaching of mathematics. 

The comnuttee on the reorganization of secondary education, 
appointed by the National Education Association, in its pamphlet on 
Cardinal Principles of Secondary School Education,’’ issued in 
•19.18 by the Bureau of Education, advocates an organization of the 
school system whereby the first six years shall be devoted to elemen- 
tary education, and the following six years to secondary education 
to be divided into two periods which may be designated as junior 
and senior periods. 
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To those interested in the study of the qurations relating to tha 
history and present status of the junior liigh-schuol movement, the 
following hooks are recommended: Principles of Secondary ^uc&- 
Uon, by Inglis, Houghton Mifflin &Co., 1918; The Junior High School. 
The Fifteenth \earhook (Pt. Ill) of the Natio^ Society for the 
Study of £<lucation, Public School Publishing Co., 1919; The Junior 
High &hool, by Bennett, Wanrick & York, 1919; The Junior High 

u 'Ti’ & Co.,' 1920; and The Junior 

High School, by Koos. Harcourt, Bruce & Howe, 1920. 

V. THIB training of TEACHERS. 

While the greater part of this report coiieerps itself with the content 
of courses in mathematics, their organizatinii and the point of view 
which shouhl govern the instruction, and investigations relating 
thereto, the national committee must’ emphasize strongly its convic- 
tion that even more fundamental »? the problem of the teacher— his 
qualifications and training, his personality, skill, and enthusiasm. 

The greater part of the failure of mathematics is <lue to poor teach- 
ing. Good teachers have in the past succeeded; and eoritinue to 
. su.ceed, ip aehicv.ing highly satisfactory results with the traditional 
material; poor teaeJiers. will not succeed even with the newer and 
better material. • 

The United States is far behind Europe in the 8eiehti6c and pro- 
fc^i^al training required of its secondary school teachers (see 
Ui. XI\ of the complete report). The equivalent of two or three 
years of graduate ami pfof^sional training in addition to a general 
college course is the normal requirement for secondary school 
teachers in moat European countries. Moreover, the recognized 
position of the teacher in the community ipust be such as to attract 
men and women' of the highest ability into the profession. This 
means not only higher salaries but smaller classes and more leisure 
for continued study and professional advancement. It will doubtless 
require a considerable time before the public can be educated to 
reol^ the wisdom of taxing itself sufficiently to -bring about the de- 
sired result. But if this ideal is continually advanced and supported 
by sound ai^ument there is every reason to hope that in time the goal 
may be reached, . » 

In the meantime everything possible should be done to improve the 
present situation. One of the most vicious and widespread practices 
consists m assigning a class in mathematics to a teacher who has had 
no specid training in the subject and whose inteieste lie ebewhere 
^use m the construction of the time schedule he or she happens to 
have a vacant period at the time. This is done on the principle, 
apparently, that “anybody can teach mathematics” by simply 
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following a textbook and devoting 90 per cent of the time to drill in 
algebraic manipulation or to reciting the niemorized demonatralion 
• of a theorem in geometry. ♦ 

It will l)c apparent from the Bliidy of tliis n'port that a successful 
teacher of mathematics must not only be highlNi^trained in his subject 
and have a genuine enthusiam for it but must liave also peculiar at- 
tributes of persoyality and above all insight of a high order into (lie 
psychology of tlfe learning process as related to the higher mental 
aejivities. Administrators should never lose sight of the fact that 
while inalhamatics if pro|wrly taught is one of the most important, 
interesting, ami valuable suhjecis of the curriculum, it is also one of 
the most difficuH to teach^>uccessfully, 

SUmdard^s for taichirs . — It is necessary at the out.stU to make a 
fundamental distinction between standards in the sense of require- 
ments for appointment to teaching positions, and standarils of sci- 
entific attainment wliiek shall determine tlie curricula of colleges and 
normal schools aiming to give candidates the best practicable prep- 
aration. The former requirements should bo high enough to insuro 
conopi'tent teaching, but they. must not be su high as to form a serious 
obstacle to admission to the profession even for eamlidales wlio have 
chosen it relatively l^te. The main factors determining the level of 
these requirements are the available facilities for preparation, the 
needs of tlie pupils, and the eeononiic <»r sidary conditions. 

Relatively few young people deliberately chot>sc before entering 
eollogo the (caching of secondyry mathematics as a life work. In the 
more frequent or more' typical case the college student who will ulti- 
mately l)ocome a teacher secondary mathematics makes (ho choice 
gradually, perhaps unc<msciously, late in the ctillege course or even 
after its completion, perhaps after some trial of tcacliing in other 
fields. The possible supply of young people ]Wi 4 iJiaye( ho real de.siro 
to become^ teachers of mathematics is so meager in <*o)nparison with 
the almost uqlimitcd needs of the, country that every effort should he 
made to develop and maintain that desire and all possiiHe oncour*: 
ageinent given those wlio manifest it. Lf, as will usually he' 
the desire is associated w'ith the necessary mathematical capacity, it 
will not bo wise to hamper the caiidfdate by requiring too kigh at- 
tainments, though as a matter of course he will need guiddneo in 
continuing his preparation for a profession of exceptional difficulty 
and exceptional opportunity. 

Another factor wliich must tend to restrict requirements of high 
mathematical attainment is the importance to the candidate of 
' breadth of pnoparation* In college he may be in doubt as to becom- 
ing a teacher of mathematics or physics or some other subject. It is 
unwise to hasten the choice. In many cases the secondary teacher 
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must be prepared in more (hah one field, and to the future teacher Of 
malliemaliis preparation in physics and draxcing, not to mention 
chemistry, engineering, etc., may be at least ns valuable as purely 

mathematical college electives beyond the cafcilus. 

In tlie second sense — of*standanls of st'ientific attainment to be 
held by the colleges and normal schools— these institutions should 
ninke ovory effort-^ 

1. To awaken interest in the subject and the teaching of it in as 
many young people of the right sort as possible. 

2; To give them (he best possible opportunity for profes.siona] 
preparation and improvement, both before and after the 
Wginning of teaching. 

How the matter of requirements for appointment will actually - 
work out ill a given community will inevitably depend upon condi- 
tions of lime and place, varying widely in character and degree. In 
ninny communities it is already practicable and customary to n>quire 
not less than two ycai' of college work in mathematii^, including 
clemenlarv calculus, with provision for additional electives. Such a 
ivquin*ment the committee wo.ihl sinmglv recommend, recognizing 
however, that in some IN(dlties it wonhl he for the present loo 
restrictive of the supply. iVsome cases preparation in (he peda- 
gogy, philosophy, and history of mathematics could be reasonably 
demanded or at least given weight ; in other coses, anv considerable 
time spimt upon (hem would be of doubtful value.* In all easea 
requirements should be carefully adjusteil to local conditions with a 
vM^w to recognizing (he value both of broad and (liorough training on 
the part of those enlering the profession and of continued preparation 
by summer work ami the like. Particular pains should be taken 
(hat such prepnrntion is made accessible ami attractive in the colleges 
and normal schools from which teachers are drawm. 

It is naturally important that entrance to the profession should ' 
not be much delayed by needlessly high or extended requiremenU, 
and the danger of-trcating a teacher who ma^JiMoo muf h a specialist 
for school work and too little for college training must be guarded 
against. There may naturaUy also be a wide difference between 
requirements in a sirortg school offering many, electives and a weaker 
one or a junior high school.. Praotienlly, ii'may be fair to expect 
that the stronger schools will maintain their standards not by arbi- 
trary or ^neral requirements for entrance to the profession but often 
by recruiting from other schools teachers, who have both hig h attain- 
ments and successful teaching experience. 

Pregrains of coulees for coUeges and normal schools preparing 
teachers in secondary mathematics will be found in Chapter XlVrf 
the complete report, together witlj an account of existing condiUona. 



Chapter III. 

* MATHEMATICS FOR YEARS SEVEN, EIGHT AND NINE. 

I. INTRODUCTION. 

There is a well-marked tendency among school administrators 
to consider grades one to six, inclusive, as constituting the elementary 
school and to consider the secondary school period as commencing 
with the seventh gradiwand extending through the twelfth.^ Con- 
forming to this view, the contents of the courses of study in mathe- 
matics for gf^es seven, eight, and nine are considered together. 
In the succeeding chapter the content for grades 10, 11, and 12 is 
cortsidered. ^ 

The committee is fully aware of the widespread desire on the part 
of teachers throughout the country for a detailed syllabus by years 
or half years which shall give the best order of topics with specific 
time allotments for each. This desire can not be met at the present 
time for the simple reason that no one knows what is the best ordei- 
of topics nor hoW muclf time should be devoted to each in an ideal 
course. The committee feels thaf its reconunendations. should be so 
formulated as to jgive every encouragement to further experimenta- 
tion rather than to restrict the teacher’s frei>dom by a standardized 
syllabus. 

However, certain suggestions as to desirable arrangements of the 
material are offered in a later section (Sec, III) of this chapter, and in 
Chapter XII (Mathematics in 'Experimental Schools) of the com- 
plete report there will bo found detailed outlines giving the order of 
presentation and time allotments ih actual operation in schools^of 
various types. This material should be helpful to teachers and 
administrators in planning courses to fit their individual needs and 
conditions. 

It is the opinion of the committee that the material included ii\ 
this chapter should be required of all pupils. It includes matho- 
^ matical knowledge and training which is likely to be needed by 
every citizen. Differentiation due to special needs should be made 
after and not before the completion of such a general minimum 
foundation. Such portions of the recommended content as have 

I See Cardinal Principles of Secondary Education, p. IK. 

**We Uisrefore r^ecommend a reord^anizatlon of t^e school system whereby the first six years shall be 
devoted toelementary education designed to meet the needs of pupils of approximately 6 to 12 years of age; 
and the second 0 year.s to secondary education designed -to meet the needs of approximately 12 to 18 years 
of age. * * * The O yea» to be devoted to .secondary education may well be divided into two p«rioda 
whkb mhy be designated -as ^he Junior and senior jieriods.’* 
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not been completed by the end of the ninth year should be required 
in the following year. 

The g«>neral principles which have governed the selection of 
the material presented in the ne.xt section and w’hich should govern 
the point of view of the teacliing have already been stated (Ch. II). 
At this (foint it seems desirable to recall specifically what was then 
said concerning principles governing the organization of material, 
the importance to be attached to the development of insight and 
understanding and' of ability to think clearly in terms of relation- 
ships (dependence) and the limitations imposed on drill in algebraic 
manipulation. In addition we would call attention to the following: 

It is assumed that at the erld of the sixth school year the piipil 
will he able to perform with accuracy and with a fair degree of speed 
the fundahiental operations with integers and.^with common and 
decimal fri^ctions.^The. fractions here referreii to are such simple 
ones in commCn use as are set forth in detail under A (c) in the 
folhiwing section. It imly be pointed out that the standard of 
attainment here implied is met in a larg) number of schools, as is 
shown, by various tests now in use (see Ch. XIII of the complete 
report), and can easily be met generally if time is not wasted on tto 
relatively unimportant parts of the subject. 

' 111 adapting instruction in mathematics to the mental traits of 

pupils care should be taken to maintain the mental growth too 
often stunted by secondary school materials and methods, and an 
effort shouhl be made to associate with inquisitiveness^ the desire 
to experiment, the wish to know “how and why,” and the like, 
tlie satisfaction of these needsl * 

In the years under consideration it is also especially important 
to give the pupils as broad an outlook over the various fields of 
mathematics as is consistent with sound scholarship.* These years 
esjxHdally are the ones in wKJeh the pupil should have the oppor- 
tunity to find himself, to test his abilities and aptitudes, and tb 
swure information and experience which will help him choose wisely 
his later courses and ultimately his life work. 

n. MATERIAL FOR GRADES SEVEN. EIGHT. AND NINE. 

In the material outlined in the foUowing pages no attempt is 
made to indicate the most desirable order of presentation. Stated 
by topics rather than yeara the mathematics of grades seven, eight, 
and nine may properly be expected to include the following; ’ 

. A. Arithmetic: • . 
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f , ' 

§1 it i) J» i, i *. othore than these to have less attention. 

(a) racMiy and accuracy in the four fundamental operations; time U*et.s, diking 
care to avoid subordinating the teaching to the tests, or to use the tests as iiioiiflures 
of jthe teacher’s efficiency. (See Ch. XlII.) 

(f) Such simple short cutsin multiplication and division as that of replacing multi- 
plication by 25 by multipinng by 100 and dividing by 4. ' 

(J) Percentage. Interchanging common fractions and per cents; finding any per 
o^t of a number; finding what per cent one number is of miotlicr; finding a nunibor 
when a certain per cent of it is knowm; and such applications of percentage as cuinc 
within the student's exp<*riencc. 

(q) Line, bar^ and circle graphs wherever they can be used to advantage. 

(a) Arithmetic of the home: Household accounts, thrift, simple b<M)kkeeping- 
methods of fading money, parcel 

Arit^net^ of the immunity: fropertyand personal insurance, taxes. 

Arithmetic of banking; Savings accounts, chocking accojints. 

Arithmetic of investment: Heal estate, elementarv notiAns of stocks and bonds, 
postal sa\ing8. 

(t) Statist ICS : Fundamental concepts, statistical taWes and graphs; pictograms; 
graphs showing simple frequency distributions. 

It will be scon that the material listed above includes some material 
of earffer instruction. This docs not mepn that this material is to be 
made the direct object of study but that drill in it shall be given in 
connection with the new work. It is felt tliat this shift in emphasis 
will make the arithmetic processes here involved much more effective 
and will also result in a great saving of time. 

The amount of time devoted to arithmetic as a distinct subject 
should bo greatly reduced from. what is at present customary. Tliis 
does not mean a lessening of emphasis on drill in arifhraetTc processes 
for the purpose of securing accuracy and speed. The need for con- 
tinued ^arithmetic work and numerical computation throughout the 
secondary school period is recognized elsewhere in this report. 
(Ch.IL) 

The applications of arithmetic to bu.siness should he contiftued 
late enough in the course to bring to their study the pupirs greatest 
maturity, experience, and matliematieal knowh‘<lge, and to insure 
real significance of this study in the business and indu.strial life which 
many of the pupils will enter upon at the close of the eighth or ninth 
school year, (^c I below.) In this connection care should be 
taken that the business practices taught in the schools are in accord 
with the best actual usage. Arithmetic should not be completed 
before the pupil has acquired the power of using algebra as an aid. 

B. Intuitive geometry: 

(a) The direct measurement of distances and ^ngles by means 
of a linear scale and protractor. The approxhhate character of 
measurement. An understanding of what is meant by the degree 
cf precision 'aa expressed by thenumber of ** significant” figures. 

(&) Areas of the square, rectangle, parallelogram, triangle, and 
trapezoid; circumference and area of a cirdle; surfaces and volumes 
of solids' of corresponding importance; the construction of the corre- 
1 sponding formulas. 
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(c) Practice in numerical computation with clue regard to the num- 
ber of figures used or retained. . - ^ 

(d) Indirect measurement by means of drawings to scale. Uses of 
square ruled paper. 

(e) Geometry of appreciation. Geometric forms in nature, archi- 
tecture, manufacture, and industry. 

(f) Simple geometric constructions with ruler and compasses, 
T-square, and triangle, such as that of the perpendicular bisector, 
the bisector of an angle, and parallc*! lines. 

(//) Familiarity with such forms as the equilateral triangle, the 
30 ®~G0® right triangle, and the isosceles right triangle; symmetry; a 
knowledge of such facts- as those concerning the sum of the angles 
of a triangle and the Pythagorean relation ; simple cases of geometric 
loci in the plane and in space. 

X (h) Infomial introduction to the idea similaritv. 

The. work in intuitive geometry should make the pupil familiar 
with the elementary ideas concerning geometric fornvs in the plane 
and in space with respect to .shape, size* nnd position. Much oppor- 
tunity should he provided for exercisin’g space perception and imagi- 
nation. The simpler geometric ideas ami relations in the plane may 
properly be extended to three dimensions, "fhe work should, more- 
over, be carefully planned so as so bring out geometric relations and 
logical connections. BeMrc the end of this intuitivo work" the pupil 
should have definitely begun to make inferences and to draw valid 
conclusions from the relations discovered. In other wwds, this 
informal work in geometry should be so organized as to make it a 
graduid approach to, and provide a foundation for, the subsequent 
work in demonstrative geometry. . * - 

C. Algebra: 

1. The formula— its construction/ meaning, 'and use (u) as a con- 
cise language; (6) as a shorthand rule for computation; (c) as a gen- 
eral solution; (d) as an expression of the dependence of one variable 
upon another^ , . 

The pupil will already have met the formula in connection with 
intuitive geometry. The work should now include translation from 
English into algebraic language, and vice versa, and special care should 
bo taken ., to make sure that the hew language is understood end used 
intelligently. The nature of the dependence of one variable in a 
formula upon another should be examined and analyzed, with a view 
to seeing **how the formula works.'^ (Seo*Ch. VII.) 

^ 2. Graphs and graphic representations in general — their construe* 
tion and interpretation in (a) representing facts (statistical, etc.); 
(ft) representing dependence; (c) solviijg problems. 

• After the necessary technique has been nd ec|nately presoil te4 
l^phic representation should not be coiisidcrcd as'a separato' tqpici^ 
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but should be used throughout, whenever helpful, as an illustrative 
and interpretative instrument. 

3. Positive and negative melhbers — their meaning anrl use (a) as 
expressing both magnitude and one of two opposite directions' or 
senses; (b) their graphic representation; (c) the fundamental opera- 
tions applied to them. 

4. The expiation — its use in solving problems: 

(a) Linear equations in one unknown -their solution and applica- 
tions. < ' 

(h) Simpl^ases of quadratic equations when arising in r<Mnn'(‘tion 
with formulas and problems. 

(c) Equations in two unknowns, with numerous concrete illustra- 
tions. 

(d) Various simple applications of ratio and proportion in cases 
in wliich they are generally us(‘d in problems of similarity and in 
other problems of onlihary life. In view of the usefulness of the 
ideas and training involvedv this subject may also pi’operly include 
simple cases of variation. 

5. Algebraic technique: (a) The fundamental operations. 

Theif connection with the rules of arithmetic should be clearly 
-brought out and made to illiyninate numerical processes. Drill in 
^these operations should be limited strictly inuict onlance with the 
principle ’mentioned in Chapter II, page 0. Iiuparticulaa*, ‘ nests*' 
of parentheses should be avoided, and multiplication and division 
should not involve mu^ beyond monomial and»binomial multipli- 
ers, divisors, and quotients* 

(&) Factoring: The only cases that need be considered are (i) com- 
mon factors of the terms of a polynomial; (ii) the difference of two 
scpiares; (iii) trinomials of the second degree that can be easily fac- 
tored by trial. 'I 

(c) Fractions. 

Here again the intimate connc(‘tiou with the corresponding proc- 
esses of arithmetic should be. made clear and should serve illumi- 
nate such processes. The four fundamental operations with fractions 
should be cohsidered only in connection with simple cases and Should 
be applied constantly throughout the course so as to gain the neces- 
sary apcuracy and facility. 

(d) £?cponents and radicals. The work done on exponents and 
radicals should be confiqed to the simplest material required for the 
treatment of formulas. The laws for positive integral exponents 
should be included. The consideration of radicals should be confined 

to transfprmations of the following types: 

and ^ajh— and to the numerical evaluation of simple expres* 

sions involving the radical si^. A process for findiing. the square 
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root of a number should be included, but not for finding the square 
rooT>^f a polynomial, 

^ (f) Stress should be laid upon the need for checking solutions. 

/). N’ftmfrical tri/t07u>m4>try: •« 

(a) Definition of sine, cosine, and tangent. 

(b) Their elementary properties ns functions. 

(c) Their use in solving problems involving right triangle^ 

' ((/) Tlie usi* of tables of tfiese functions (to three or four p||^ces). 

The introduction 7>f the elementary notions of trigonometry into 
the elirlier courses in mathematics has not been as general in the 
United States asdn foreign* countries. (See Ch. XI of , the complete 
report.^ Among the reaso/is for early introduction of this topic are " 
these: Its practical usefulness for many citizens; the insight it gives 
into the nature of mathematical methods^ particularly thoije con- 
cerned with indirect measurem^t, and into the r6le that ma^thematics 
plays^n the life *>f the world; the fact that it is not difficult and that 
it offers wide (»pportunitv for concrete aVid significant applicatipn^ 
and the interest it arouses in the piif^is. I^sh<»jild be based upon 
the W(»rk in intuitive geometry, with whi<*^i has intimate contacts 
(see /f, (/, b), and should be confined to simplest materia}^ needed 
for the numerical treatment of the pHmlems indicated. Relations 
between the trigonometric functions nee<l not he considered. 

Jhmonsimtive geometry. —The demonstration of a limited num- 
ber of jiropositions, with no attempt to limit the number of funda- 
mental assumptions, the principal purpose ^ing to show to the pupil 
what ‘M^monst ration means. * • 

Many of the geometric facts previously inferred’intuitively may be 
used as the basis upon which the demonst rat iw work is built, This 
is not intended to preclude the possibility of giving at a later time 
rigorous proofs of ^ome of the facts inferred intuitionally. It should 
he noted that from the strictly logical point of view the attempt to “ 
reduce t*> a minimum the list of axionv^, postulates or assumptions is 
not at all necessary, and from a pedagogical point of view such an 
attempt in an elementary course is very undesirable. It is necessary, 
liffwever, that those propositions which are to be used as the basis of 
subsequent formal proofs be explicitly listed and their logical sig- 
^ nificanco recognized. 

In regard to demonstrative geometry some teachers haVe objected 
,to thejntroduction of such work below the tenth grade on the ground^ 
that with ^ch immature pupils as* are found in the ninth grade 
nothing worth while could be accomplished in the limited time 
* available. These teachers may be right with regard to conditions ^ 

. prevailing or likely to prevail in the majorfty of schools in the imme- 
diate future. The committee has therefore in a later fiti* 
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chapter (Sec. Ill) made alternative provision for the omission of 
work in demonstrative geometry. " 

On ^the other hand, it is proper to call attention to the fact that 
certain teachers have successfully introduced a limited amount of 
work in demonstrative geometry into the ninth grade (see Ch. XII 
of the complete repbrt), and that it would seem desirable that others 
should make the experiment when conditions are favorable. Much 
of the opposition is probably due to a failure to realize the extent to 
which the work in intuitTv^sgeometry, if properly organized, will 
prepare the way for thq/moro formal treatment, and to a misconcep- 
tion of the purposes and extent of the work in demonstrative geom- 
• etry that is proposed. In reaching a decision on this question teachers 
^oi^d keep in mind that it is one of their important duties and obli- - 
gations, in the grades under consideration, to show their pupils the 
nature, content, and possibilities of later courses in their subject and 
to give to each pupil an opportunity to determine his aptitudes and 
preferences therefor. The oni^ion iii the earlier coucses of all work 
ot a demonstrative nature in geometry would disregard one educa- 
tionally important aspect of mathematics.y 

F, History and biography . — Teachers aj/o advised to make them- 
selves reasonably acquainted with the leading events in the liistory 
of mathematics, and thus to know that mathematics has developed 
in answer to human needs, intellectual as well as technical. They 
should use this material incidentally throughout their courses for the 
purpose of adding to the interest of the pupils by means of informal 
talks on the growth of mathematics and on the lives of the great 
makers of the sciende. 

0. Optiorwl topics . — (Certain schools have been able to cover satis- 
f^torily the work stigg^ted in sections A-'F before the end of the 
ninth grade. (Sec Ch. ^II, on Experimental Schools.) The com- 
nptt^ looks ^th favor on the eflforts, in such schools, to introduce 
earlier than is now customary certtlin topics and processes which are 
closely related to modem needs, such as the meaning and use of 
fractional and negative exponents, the use of the slide rule, the uso^^ 
of logarithms and of other simple tables, and simple work in arith- 
metic and geometric progressions," with modem appplications to such 
, finai^al topics as interest and annuities and tS such scientific topics 
as famng bodies and laws of growth. 

B* Topics to he omitted or postponed . — ^In addition to the large 
• ^ount of drill in ^ebraic technique already referred to, the follow- 
ing topics shoi^d, in accofdance with our basic principles, be excluded 
jErom the work of grades seyen, eight, and nine; some of them will 
properly be included in later cours^ (see^Ch. IV) : 

M^kheet common and lowoot common multiple, except the eimpleet caeea 
Involve ID me addition of simple hractiona. 
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The theorcmfl on proportion relating to alternation, inversion, compoeition, and. 
dmmon. ^ 

Literal equationa, except such as appear in common formulas, including the deri- v 
vation of fonnulas and or geometric relations, or to show how needless computation 
mav be avoided. 

lladicals, except. as indicated ip a previoris section. 

.Square nK>t of jHilynoinials. 

rubenx)!. , • 

Ther»ry of cx^^nents. 

Simultanoou^l nations in more than two unknowns. 

The binomial tln'nrem. ■ 

Imaginary and complex numl^ers. ^ 

Radical equations except such as arise in dealing with elementarv* fonnulas. 

Pf^ohlem^. As nVoady indicated, much of the ^*mphasis now 
p:enerally placed ojI the formal exercise should he shifted to the 
‘^concrete ” or verbal ” problem. The selection of problem material \ 
is, therefore, of the highest importance. 

The demand for ‘^practicAl” problems should be fully^ met in so 
far as the jnuturity and previous experience of the pupil will permit. 

But above all, tire problems must be '' real ” to the pupil, must connect 
with his ordinary thought, and must he ^^ithin the world of his 
experience arul interest. 

The cnlucat ioiial ntilily of j»rol>lema is not to be uiea«ure<I by their com merciul or^ 
scientific value, l)iitj)y iheir degree of reality for the pupils. They must exemplify 
those leading ideas which it i.s desired to impart, ami they must do so through me<lia 
which are real to tluw under instruction. The reality is found in the sindeiits, the 
utility in their acypiisition of princijileB.'** 

I There should he, moretrver, a conscious effort through thes^l^tion 
of problems to correlate the work in mathematics with the other 
courses of the curriculum, e^specially in connection with course.s in 
science. The introduction of courses in general jgcience ” increases 
the opportunities in this direction. 

J. Numerical computation, me of tahhs, cfc.— The solution of prob- 
lems should offer opportunity throughout the grades under consider- 
ation for consklerable arithmetical and compu tuition ol work. In tliis 
connection attention sliould be called to the importance of exer- 
cising common sense and judgment in the use of approximate data, 
keeping in mind the fact that all data secured from measurement are 
approximate. A pupil should be led to see the absurdity of giving 
the area of a circle to a thousandth of a square inch when the radius 
has been measured only to the nearest inch. He should understand 
the conception of the number of significant figures' - and should not 
retain more figures in his result than are warranted by the accuracy - 
of his data. The ideals of accuracy and of self-reliance and the neces- 
sity of checking all numerical results should be emphasized. An 
insight into the nature of tables, including some elementary notjoins 
as to interpolation, is higWy dpsirahle. The use of tables of various 
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kinds (such as squares and square roots, interest and trigonometric 
functions) to facilitate computation and to develop tlie idea of 
dependence should be encouraged. 

Ul. SUGGESTED ARRANGEMENTS OF MATERIAL. 

In approaciiing the problem of arranging or organizing this materitil 
it is necessary to consider tlie different situations that may have U» 
be met. ^ 

J. The junior high school,— In view of tJie fact that under tiiis 
form of school organization pupils may be ex|>ected to remain in 
school until tlie end of the junior high-scjiool period instead of leaving 
in large numbers at the end of the eighth .school year, the mathe- 
matics of the three years of the jimior high scIkhiI should lie planned 
as a unit, and should include the material rerommcnded in the 
preceding section. There remains the question as to the order 
in which the various topics should be presented and the amount of 
time to be devoted to each. The committee has already stated its 
reasons for not attempting to answer this (|uestion (see Sec. I). 
The following plans f<»r the distribution -of time are, however, sug- 
gested in the hope that they may he helpful, but no one of them is 
recoramejided as superior to the others, and oidy the large divisions 
of material are mentioned. 




P1.AN A. 




First year: Applirations of arithmetic, ]>articularly in such linee aa relate to ilic 
home, to thrift, and to the various school subjei’ts; intuitive ftcometry. ' 
Set'ond year; Alf^ebra; applied arithmetic, particularly in such linea as h^Iaie fit 
the commercial, industrial and social needs. 

Third year: Algebra, trigonometry, demonstrative geometry. 

Hy this plan the demonstrative geomatry is introd,uced in the third year, and arith- 
metic is practicfdly comjdcted in the second year.' 

PI-\N B. 

* h'irst year: Applied arithmetic. (as in plan A)* intuitive geometry. 

8e<;ond year: Algebra, intuitive geometry, trigonomcary. 

Third year: Applied arithmetic, algebra, trigonometry, demonstrative geometry. 
By this plan tngonometry is taken up in two years, and the anthmetic is transfened 
from the second year to the third year. ^ 

; PLAN c. 

First year: Applied arithmetic (as in plan A), intuitive geometry, algebra. 

Sec'ond year: Algebra, intuitive geometry. 

Third year: Trigonometr>% demonstrative geometry, applied arithmetic. 

By this plan algebra is confined chiefly to the first two yean. 

PLAN b. 

First year: Applied arithmetic (as in plan A), intuitive geometry. 

Second year: Intuitive geometry ^ algenra.. ^ 

Third year: Almbra, tn^nometry, applied arithmetic. 

By tliii plan demonstrative geometry is omitted entirely. 

PLAN E. 

. * 

First year: Intuitive geometry, simple formulas, elemental^' principles of statistics 
arithmetic (as in plan A). ’ 

Second year: Intuitive geometry, algebra, arithmetic. 

yw: Geqmetoy, numerical triionomehry, arithmetk^ 
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i*. SchooU organized on the. 8-4 plan , — It can not be too strongly 
cinplijisized that, in tlie case of the older and at present moi»e prev- 
alent plan *>f the 8-4 school organization, the work in mathematics 
'id tho'sevcnth, eighth, tuid ninth grades should also he oi-ganized 
to include the material here suggested. 

'Hie prevailing practice of devoting the seventh and eighth grades 
slniost exclusively to the stmly of aiithmetic is generally recognized 
;is II wasteful marking of time. It is mainly in these years that 
.\inerican children fall hehiiuL their Kuropejir^ brothers and sisters. 
No essentially 'new arithmetical principles are taught in these years, 
and the ultem|)t to apply the previously learned principles to new 
.^ii nations in the more advanccil J)usiness and economic aspects of 
arithmetic is doomed , to failure on account of the fact that the 
.nIi nations in (juestion are not and can not be made real and signifi- 
rant to pupils of this age. We need only refer to what has already 
been said in this chapter on the subject'of problems. 

'fhe same principles should govern the selection and arrangement 
of inalerial in mathematics for the seventh and eighth grades of a^ 
grade school as govern the selection for the corresponding grades of 
a junior high school, with this exception : Under the 8-4 form of organ- 
i/.ation many pupils will leave school at the end of the eighth year. 
I'his fact must receive <lne consideration. The work of the seventh 
and eighth years should be so planned as to give the pupils in thme 
grades the most valuable mathematical information and training that 
they are capable of receiving in those years, with little reference to 
courses that tliiw may take in later years. As to possibilities for 
arrangement, reference may bo made to the plans given above for 
the first two years of the junior high school. Wlmn the work: in 
mathematics of the seventh and eighth grades has been thus reor- 
ganized, the work of the first year of a standard four-year high school 
should complete the program suggested. 

Finally, there must bo considered the situation in those four-year 
high schools in which the pupils have not had the benefit of the reor- 
ganized instruction recommended for grades seven and eight. It 
may be hoped that this situation will be only temporary, although it 
must be recognized, that owipg to a variety of possible reasons (lack 
ade(fuatoly prepared teachers in grades seven and eight, lack of 
suitable text* books, aTkomistrative inertia, and the like), the new 
plans will not. be irtimedialely adopted and that therefore, for sotne 
years, many high schools will have to face the situation implied. 

In planning the work of the ninth grade* under these conditions 
teacHers *and administrative officers should again be guided by the 
principle of giving the pupils the most valuable mathematical infor- 
mation and training which they are capable of receiving fn this year 
with little reference to future cour^ which the pupil may or may 
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not take. It is to be assumed that the work of ihis year is '‘to ho 
required of all pupils. Since for many this will constitute the last of 
their mathematical instruction, it should be so planned as to give 
them the widest outlook consistent with sound scholarship. 

Under these conditions it^would seem desirable that the work of 
the ninth grade should contain both algebra and geometry. It is. 
therefore, recommended that about two-thirds of the time bo devoted 
to the moat useful parts of algebra, including the work xm numerical 
trigonometry, and that about one-third of the time be ilevotiHl to 
geometry, including the neceaaarv informal introduction and, if 
feasible, the first part of demonstrative gwmetry. 

It should be clear that owing to the greater maturity of the pupils 
much less time need be devoted in the ninth grade to corlain topMs 
of intuitive geometry (such as diro<*t measurement, fof* e.xamplo) than 
is desirable when dealing with^children in earlier grades. Even under 
the conditions presupposed pupils will be acquainted willi most of the 
fundamental g(H)inetric forms and with tlio mensuration of the most 
important plane and solid figures. The work in geometry iit the ninth 
grade can then properly be matle to center about indirect mejisure- 
ment and the idea of similarity (leading to the processes of numeric al 
trigonometry), and such geometric relations as the sum of the angles 
of a triangle, the Pythagorean proposition, <‘ongruenre of trianglr^s, 
parallel and perpendicular lines, quadrilaterals and the more inupor- 
tant simple constructions. 








Chapter IV. 

MATHEMATICS FOR YEARS TEN, ELEVEN, AND TWELVE. 

X I. INTRODUCTION. \ 

The committee has iu the preceding chapter expressed its judg- 
ment that the material there recommended for the seventh, eighth, 
and ninth 3’ears should ho required of all pupils. In the tenth, 
eleventh, and twelfth years, however, the extent to wliich elutions 
^ of subjects is permitted vnW depend on so majiy factors of a general 
character that it seems unnccessarv and inexp^ent for the present 
conunittee to urge ia positive requirement beyond the minimum oiie 
jilroady referred to. The subject must, like others, stand or faU on 
its intrinsic merit or on the estimate of such merit by the authoriliQS 
responsible at a given time and place. The conunittee believes nev- 
ertlieless that every standard liigh school should not merely offer 
courses in mathematics for the tenth, eleventh, and twelfth years/ 
hut should encourage a large proportion of its pupils to take them. 
Apart from the intrinsic interest and great eiucational value of the 
study of mathematics, it will in general he necessary for those pre- 
paring to enter college or to engage in the numenius occupations 
involving the use of mathematics ' to extend th^ir work beyond the 
minimum re<|uir^ment. 

The present chapter is intended to suggest for students in general > 
courses the most valuable mathematical training that ^^^li appro- 
priately follow the courees outlined in the previous chapter. Under 
])resent conditions most of tliis work wll normally fall in the last 
three years of the high school; that is, in general, in the tenth, elev- 
enth, and twelhh yeiirs. 

The selection of material is based on the general principles formu- 
lated in Chapter II. At^is point attention need be directed only^ 
to the following: 

1. In the years under consideration it is propei^ that soito attention 
he paid to the students’ vocation^ or other later educational needs. 

2. The material for^hese years should include as far as possible 

those mathematical ideas and processes that have the mostf impor- 
tant applications in the modem world. As a result, material 

will naturally be included that at present is not ordinarily given in 
secondary-school courses; as, for instancy, the material concerning 
the calculus. On the other hand, certain other material ihat/s now 

68867®—2l-^3 . 27 


8S 


MATHEMATICS IN 6BC0NDABT EDUCATION. 


included in* college entrance requirements will be excluded. The 
rosults of an inveBtigation made by the national committee in con- 
nection with a study of these requirements indicates that modifica- 
tions to meet these changes will ^ desirable from the standpoint of' 
both college and secondary school (see Ch. V). 

3. During the years now under consideration an increasing amount 
;^f attention should bo paid to the logical organization of the material, 
with the purpose of developing habits of logical memory, apprecia- 
tion of logical structure, and abihty to organize material elTectively. 

It can not be too strongly emphasized that the broadening of con- 
tent of high-school courses in mathematics suggested in the present 
and in previous chapters will materially increi^ the usefulness of 
these courses to those who pursue them. It is of prime impurtaine 
that educational administrators and others charged with the advising 
of students should take careful account of this fact iii estimating ilie 
relative importance of mathematical courses and their alternatives. 
The number of important appUcations of mathematics in tlie activi- 
ties of Uie world is to-day very laige and is increasing at a very rapid 
rate. This aspect of the progress of civilization has been noted by 
all observers who have combined a knowledge of mathematics with 
an alert interest in the newer developments in other fiefds. It was 
revealed in very illuminating fashion during the recent war by the 
insistent demand for persons with varying degrees of mathematical 
training for many war activities of the first moment. If the same 
effort were made in time of peace to secure the highest level of elli- 
< eiency available for the specific tasks of modern life, the demand for 
those trained in mathematics would be no less insistent; for it is in 
no wise true that the applications of mathematics in modem warfare 
m relatively more important or more numerous than its appUcations 
• in those fields of human endeavor which are of a coiistruclh’e nature. 

There is another important point to be kept in mind in considering 
the relative value to the average student of mathematical and 
various alternative courses. If the student who omits the mathe- 
. matical courses h aa need of them later, it is almost invariably more 
difficult, and it is frequently impossible, for him to obtain the train- 
ing in which he is deficient. In the case of a considerable number of 
alternative subjects a proper amount of reading in spare hours at a 
more mature age will ordinarily furnish him the approximate equiv- 
alent to that which he would have obtained in the way of i^or- 
maiion in a high-school course in the same subject. It is not, how- 
eveTi poeiuble to make up deficiencies in mathematical training in 
so simple a fashion. It requires systeihatic work under a compe- 
tent teacher to master properly technique of the subject, "and 
any break fe the continuity of the work is i handicap for which 
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printed later in this report (Ch. VI). In this connection it may be 
suggested. that more attention than is now customary may profitably 
be given to those methods of treatment which make consistent use 
of the idea of motion (already referred to), continuity (the tangent 
as the limit of a secant, etc.), symmetry, and the dependence of one 
geometric magnitude upon another. 

' If the student has had a satisfactory course in intuitive geometry 
and soihe work in demonstration before the tenth grade, he may find 
it possible to cover a minimum course in demonstrative geometry, 
giving the great basal theorems and constructions, together with 
exercises, in the 90 periods constituting a half year’s .^wf)rk. 

2. Algebra, — (a) Simple functions of one variable: Numerous 
illustration? and problems involving linear, quadratic, and othi^r 
simple functions including formulas from science and common life. 
More difficult problems in variation than those included in the earlier 
course. • 

(6) Equations in one unknown: Various methods for solving a 
quadratic equation (such as factoring, completing the square, use of 
formula) should be given. In connection with the treatment of tlie 
quadratic a very brief discussion of complex numbers should be in- 
cluded. Simple cases of the graphic solution of equations of degree 
higher than the second should be discussed and applied. 

(c) Equations in two or three unknowns: The algebraic solution 
of linear equation in two oi" three unkno\frns and the graphic solu- 
tion of linear equations in twor unknowns should be given. The 
graphic and algebraic solution of a linear and a quadratic ^equation 
and of two quadratics that contain no firet degree term and no xy 
term should be included. 

(d) Exponents, radicals and logarithms: The definitions of nega- 
tive, zero and fractional* exponents should bo given, and it should be 
made clear that these definitiems must be adopted if we wish such 
exponents to conform to the laws for positive integral exponents. 
Reduction of radical expressions' to those involving fractional ex- 
ponents should be given as well as the inverse transformation. The 
rules for performing the fundamental operations on expressions 
involving radicals, and such transformations as 




h-c 


+ Vc 

• ?hould be included, dn close connection with the work on exponents 
and r^jcals there should be given as much of the theory of log- 
. arithms as is involved in their application to computation and suffi- 
cient practice in their use in computation to impart a fair degree of 
facility. - 
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W Aijthmetic and geometric progressions: The formulas for the 
nth term and the sum of n terms should be derived and applied to 
significant problems. 

(/) Binomial theorem: A proof- for positive integral exponents 
should be given; it may also be stated that the formula applies to 
the case of negative and fractional exponents under suitable restric- 
tions, and the problems may include the use of the formula in these 
cases as well as in the case of positive integral exponents. 

3. Sol'id geometry . — The aim of the work in solid geometry should • 
be to exercise further the spatial imagination of the studefat and to 
give him both a knowledge of the fundamental spatial relationships 
and the power to Work with them. It is felt thflt the work in plafie 
geometry givps enough training in logical demonstration to warrant 
a shifting of emphasis in the work on solid geometry away from this 
aspect of the subject and • in the direction of developing greater 
facility in visualizing s^tinl relations and figures, in representing 
such figures on paper, and in solving problems in mensuration. 

For many of the practical applicaCions of mathematics it is of 
fundamental importance to have accurate space perceptions. Hence 
it wouljj^seem wise to have at least some of the work in solid geometry 
come as early as possible in the mathematical courses, preferably 
not later than the beginning of the eleventh school year. Some 
schools will find it possible and desirable to introduce the more ele- 
mentary notions of solid geometry in connection with related ideas 
of plAne geonletry. , 

The work m solid geometry should include numerous exercises in 
computation based on the formulas established. This will serve to 
correlate the work with arithmetic and algebra and to furnish prac- 
tice in computation. 

The following provisional outline of subject matter is submitted: 

a. Propositions relating to lines and planes, and to dihedral and 
trihedral angles. *, 

, h. Mensuration of the prism, pyramid, and frustum; the (right 
circular) cylinder, cone and frustum, based oii an informal 
treatment of limits; the sphere, and the spherical triangle. 

. €. Spherical geometry. 

d. Similar solids.. , 

Such theorems as are necessary as a basis for the topics here put^ 
lined should be studied in immediate connection with them. 

D^irable simplification and generalization may. be introduced 
into the Tfi^tment of mensuration theorems by employing such 
theorems as Cavalieri^s and Sinjpson^s, and the Prismoid Formula; 
but rigorous proofs or derivations of these need not be included. ' 
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Beyond the range of the mensuration topics indicated above, it 
seems preferable to employ the methods of the elementary calculus. 
(See section 6, below) . 

It should be possible to complete a minimum course covering the 
topics outlined above in not more than one-third of a year. 

The list of propositions in soHd geometry given in Chapter VI 
should be considered in connection with the gcneii^d principles stated 
at the beginning of this section. By requiring formal proofs to a. 
inore limited extent than has ()een customary, time will be gained 
to' attain the ahns indicated and -to extend the range of geometrical 
information of the pupil. Care must be exercised to make sure that 
the pupil is thoroughly familiar with the facts, with the associated 
terminology, with all tlTo necessary formulas, and that he secures the 
necessary practice in working with and applying the inforraaiitui 
acquired to concrete problems. 

4. Trigonometry . — The work in elementary trigonometry begun 
in the earlier years should be completed by including the logarithmic 
solution of right and oblique triangles, radian measure, graphs of 
trigonometric functions, the derivation of the futidamental relations 
between the functions and their use in proving identities aii<l in 
solving easy trigonometric equations. The use of' the transit in con- 
nection with the simpler operations of surveying and of the sextant 
for some of the simpler astronomical observations, such ^as those 
involved in finding local time, is of value; but when no transit or 
sextant is available, simple, apparatus for measuring angles roughly . 
may and should b^ improvised. Drawings to scale should form an 
essential part of the numerical work in trigonometry. ' The use of 
the slide rule in computations requiring only three-place accuracy 
and in checking other computations is also recommended. 

.5. Elemmtary fitafwtiVs.— Continuation of the earlier work to 
include the meaning and use of fundamental concepts and simple 
frequency distributions with graphic representations of various 
kinds and measures of central tendency (average, mode, and median) . 

6. Elementary palculus , — The work should include: 

(a) The general notion of a derivative as a limit indispensable for 

the accurate expression of such fundamental quantities as velocity 
of a moving body or slope of a curve. • 

(b) Applications of derivatives to easy problems in rates and in 

maxima ahd minima. ^ 

(c) Simple . cases of inverse problems; e. g., finding distance from 

velocity, etc. ' . \ 

(d) Approximate methods of summation leading up to integra- 
tion as a powerful method of summation. ^ 

(«) Applicatipna to bimple cases of motion, area, volume, and 
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Work in the calculus should be largely graphic and may be closely 
related to that in physics; the necessary technique should be reduced 
to a minimum by basing it wholly or mainly on .algebraic polynomi^. 
No formal study of analytic geometry need be presupposed beyond 
tile plotting of simple graphs. 

It is important to bear in mind that, while the elementary calculus 
is sufficiently e^y, interesting, and valuable to justify its introduc- 
tion, special pains should be taken to guard against any lack of 
thoroughness in the fundamentds of algebra and geometry. No 
possible gain could compensate for a real sacrifice of such thoroueli- 
ncss., > , . 

It should also be borne in mind that the suggestion of including 
elementary calculus is not intended for all schools nor for all teachere 
or all pupils in any school. It is not intended to connect in any' 
direct way with college entrance requirements. The future college 
student will have ample opportunity for calculus later. The capa- 
ble boy or girl who is not to have the college work ought not on 
that account to bo prevented from learning something of the use of 
this powerful tool. The applications of elementary calciiius to 
simi)le concrete problems arc far more abundant and more interesting 
than those of algebra. The necessary technique is Extremely simple. 
The subject is commonly taught in secondary schools in England, 
France, and Germany, -and appropriate English texts are available.’ 

^ 7. History and biography. — Historical and biographical 'material 
should bo used throughout to make the work more interesting and ' 
significant. ‘ ' 

8. Additional deciwes, — Additional electives such ttuiiheTnjQlics of 
invesimenty shop mathematics^ surveying and navigation, descriptive 
or projfecHye geometry will appropriately be offered by schools which 
have special needs or conditions, but it seems unwise for the national 
comrnittee to attempt to define them pending the results of further 
experience on the part of these schools. . 

* ' t ' 

III. pIaNS FOR ARRANGEMENT OF THE MATERIAL. 

Ift tho majority of high schools ut the present time the topics' 
su^ested can probably bo giveti most advantageously as separate 
units of a throe-year program.' Howev^, the national comlnittee 
IS of the opinion that methods of organization are being experi- 
mentally perfected whereby teachers will be enabled to present much 
of this material more effectively in combined courses unified by 
one or more of such central ideas, ’functionality and graphic 
representation. * - . . 

^oblonu froio one of these texts wiU ho found In a supplementary note appenM 

• ■ ^ ‘ ■ '■■■ ■ ■■ V ■■ . '''■ ■: P 
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MATHEMATICS IN SECONDAKY EDUCATION. 


As to the ari:angement of the material 'the committee gives below 
four plans which may bo suggestive and helpful to teachers in arrang- 
ing their courses. ..No one of them is, however, recommended ^ 
euperioi^to the others. 

PLAN A. 

Tenth year: Plane demonstrative geometry, algebra. 

Eleventh year: Statistics, trigmiometry, solid geometry. 

Twelfth year: The calculusrotner elective. 

PLAN li. . 

Tenth year: Plano demonstrative goometiy-. solid geometry. ^ 

Eleventh year: Algebra, trigonometry, statistics. 

Twelfth year: The calculus, other elwtivo. 

PLAN C. . 

Tenth year: Plane demonstrative geometry, trigonometry. 

» Eleventh year: Solid geonietVy. algebra, statistics. 

Twelfth year: 'fi'® calculus, other elective, 

PLAN D. 

, Tenth year: Algebra, stalisfics. trigonometry. 

Eleventh year: Plane and solid geometry. 

Twelfth year: The calculus, other elective 

Additional information on ways of organizing this material will 
be found in Chapter XII on Mathematics in Experimental Schools. 

Supplementary Note on the Calculus as a Hioh-School Subject. 

A ■ 

In connection with the recommendations concerning the calculus, such questions 
as the following may arise: Why should a college subject like this bo added to a liigh- 
Bchool program? How can 'it be expected that higlesc'hook U^achere will have the 
necessary training and attainments for teaching it? Will not the attempt to teach* . 
such a subject result in loss of thoroughness in earlier work? Will anything he 
gained beyond a mere smattering of the theory? Will the boy or girl ever use the 
information or training secured? The subsequent remarks are intended to answer 
such objections as these and to develop more fully the point of \-iew of the committee. 
*in recommending the inclusion of elementary work in the calculus in the high-ec hcH)l 
program. 

By the calculus we mean for the present purpose a study of rates oj change. In 
nature all things change. How much do they change in a given .time? How fast 
do they change? Do they increase or decrease? When doc*s a changing quantity 
become largest or smallest? How can rates of changing quantities be compared? 

Thc^se are some of the questions which lead us to study the elementary calculus. 
Without its essential principles these questions can not be answered wth definiteni^. 

The following are a few of the specific replies that might be given in answer to the 
^ questions listed at the beginning of this note: The difficulties of the college calculus 
lie mainly outside the bouiidaries of the proposed work. The elements of the subject 
present less difficulty than many topics now offered in advanced algebra. It is not 
implied that in the near future many secondary-schdol teachers ^ill have any occasion 
to toach the eleiniienttary calculus. It is the culminating subject in a series which 
onily relatively strong schools ^11 complete and only theU for a selected group of 
students. lu such schools there should always pe teachers competent to teach the 
elementary calculus heje intended. No superfi^^ stuidy of calculus should be 
regarded as justifying any substantial sacrifice of tforoughnees^ In the judgment of 
^ tbe committee the introduc^n of elementary calculus neceMrily includes ^kfficient 





MATHEMATICS J'OR YEARS 10-12. 86 ' 


ftl^bra and geometry to compenaate for whatever diversion of time from theee subiecti 
would be implied. . ' . 

the calculua of the algebraic polynominal ia so aimple that a boy or girl who ia 
capable of grasping the idea of limit, of slope, and of velocity, may in a brief time 
gain outlook upon the field of meohanica and other exact aciencea, and acquire 
a fair degree of facility in using one of the molu powerful tools olmathematics, 'together » 

with the capacif yfor sohing a number of interesting problems. Moiever, ^he funda^ 
mental ideas involved, quite aside from their technical appUcations, will provide 
valuable training in understanc^jng and anal>*v.ing quantitative relations— and such 
training is of valuo'to everyone. 

The tollowinK typio#l extraoto from an Eoglish text intended for 'use in eecondary 
schools may be quoted : , 

' of mathematics which s^^ 

iindemh^nd and senior wranglers fail to/'oiuprehend. t * * So long os file graphic 
treatment and practical applications ofthe calculus are kept in view ‘the subject is 
an extremely easy and attr^tive one. Boys can be taught the subject early in their 
mathematical pareor, and there is no part of their mathematical training that they 
enjoy better or w’hich opens up to them wider fields of useful exploration. * * * 

The phenomena must first be known practically and then studied.philoeophitally. 

To reyerse the order of these procesw's is impossible. 

The text in question, after an interesting historical sketch, deals with such problems 
as the following: 

train is going at the rate of .40 miles an hour. Represent this graphically. 

At what rate is the length of the. daylight increasing or decreasing on Dumber 
31, March 20, etc.? (From tabular data.i 


A cart going at the rate of 5 miles per hour passes a milestone, and 14 minutes after- 
wards a bicycle, going in the same direction at 12 miles an hour, passes the same 
milostoue. Find when and w^here the bicycle will overtake the cart. 

A man has 4 miles of fencing wire and wHehes to fence in a rectangular piece of 
prairie l^d through which a straight river-flows, the bank of the stream being uUlised 
as one side of the inclosure. How can he do this so as to inclose as mu^ land as 
possible? 

A^circulac tin canister Hosed at both ends has a surface area of 100 square centi- 
meters. Find the greatest volume it can conUiti. * 

Post-office regulations pr^ribe that the combined length and girth of a parcel 
must not exceed (i feet. Find the maximum volume of a parcel whose shape is a 
prism with the ends square. 

A pulley ie.fixod 15 feet above the ground, over which passes a rope 30 fwt long 
jnth one end attached to a weight which can hang freely, and the other end is he^ 
by a man at a height of 3 feet from the ground. The man walks horixontally aw^ 
from beneath the pulley at the rate of 3 feet per second. Find the rate at which the 
weight rises lyhen it is 10 feet above the ground . 

The pressure qn the surface of a lake due to the atmosphere is known to be 14 pounds 
^r square inch. The pressure in the liquid x inches below the surface is known to 
be given by the law dp/dr»0.036. Find the pressure in the liquid at a depth of 10 
feet, , " , . 


The arch of a bridge is parabolic in form. It is.fi feet wide at the base and 5 feet 
high. Find the volume of water that pasm through per second in a flood when the 
water .IS rushing at the rate of 10 feet per second. 

A force of 20 tons com presses Hie spring buffer of a railway step through 1 inch, and 
the force is always proportionalto the compression produced. Find the work done 
by a train which compresses a pair of sqch stops through 6 inches. 

These may illu^rate the aims and pointof viewof ^e proposed work. It will be 

noM thatpoidl of them involve calculus, but those that do hot lead i|p to 
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Chapter V. 

COLLEGE ENTRANCE REQUIREMENTS. 


The present chap^ is concerned with a study of topics and train- 
ing m elementary tfiathematics that will have most value as prepara- 
tum for college work, and wth recommendations of definitions of 
college-entrance requirements in elementary algebra and plane 
geometry. ^ 

Oeneral con^rotwas.— The primary purpose of college-entrance 
requirements is to test the candidate’s ability to benefit by college 
instruction. This ability depends, so far as our present inquiry is 
concerned, upon (1) general intelligence, intellectual maturity and 
mental power; (2) specific knowledge and training required as prepa- 
ration for the various courses of the col'.?ge curriculum. 

Mathematical ability appears to be a sufficient but not a necessary 
condition for general intelligence.* For this, as well as for other 
reasons, it would appear that coUege-erUrance requirements in malhe- 
viMvca should he formulated ’primarily on the basis of the special knotol- 
edge arid training required for the successful study of course which the 
student will take in college. ■ ^ 

The separation of prospective college students from the others in 
the early years of th^ secondary school is neither feasible nor desirable. 
It IS therefore obvious that secondary-school courses in mathematics 
can not be planned with specific reference to college-entrance require- 
ments. Fortunately there appears to he no real conflict of interest 
between those students who ultimately go to college and those who 
do not, so far as mathematics is concerned. It will be macIeSlear 
in what -follows that a course in this subject, covering from two to 
two and one-half years in a standard four-year high school, and so 
planned as to give the most valuable mathematical training which 
the student is capable of receiving, will provide adequate preparation 
for college work. 9 

Topics to he indv^d in high-scJwol cour8es.--ln the selection of 
material of instruction for high-school coiu^s in mathematics, its 
value as preparation for coll^ege courses in mathematics need not be ^ 
specifically copsidered. Not all college students study ^thematics; 

It is therefore reasonable to expect college departments in this sub- 

dppartmpnt of jpsychoJogy nt Dartmouth ColI®g« showed that aU 
•ttjdMte of high rank in matbemaUca had a high rating on general Intelligence: the converse was not true, 

36 
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joct t<» adjust themsolves t(» the previous preparation of their stur 
dents. Nearly all college students do, however, study one or more 
of the physieul. sciences (astronomy, physics, chemistry) and one or 
more of the aoeiaf^seienres (history, economies, political science, soei- 
nlogy). Entrance requirements must therefore insure adequate 
inathemaucal preparation in these subjects. Moreover, it may be 
as.suined fihat, adequate preparation for these two groups of subjects 
will he sufficient for all other subjects for which the secondai^ schools 
may be expected to furnish the mathematical prerequisites. 

The national committee recently conducted an investigation for 
the purpose of securing informatio.n as to the content of high*schbol 
courses of instruction most desirable from the point- of view of prepa- 
ration for college work. A number of college teachers, prominent in 
theiijy^pgf^tiye fields, were asked t<> assign to each of the topics in the 
f«»Uiffwing table an estimate of its value as preparation for the ele- 
mentary courses in their respective subjects. Table I gives a sum- 
mary of the replies, arranged in two groups — “ Physical sciences,'* 
including astronomy, physics, and chemistry; and *\Social sciences,'' 
including history, economics, .sociology, and political science.. 

.The high value attached to the following topics is significant: 
Simple formulas— their meaning and use: the linear and quadratic 
functions and variation; numerical trigonometry: the use of iogu- 
ritiims and other topics relating to numerical computation; statis- 
tics. These all stand w>ll above such standard requirements ^ 
arithmetic and geometric progression, binomial theorem, theory of 
exponents, simultaneous equations involving one or two quadratic 
e(juu lions, and literal equations. 

These results would seem to indicate that a modification of present 
college-entrance requirements in mathematics is desirable froni the 
point of view of college teachers in do4)artments other than mathe- 
matics. It is interesting to note how cjlosely the modifications 
suggested by t^is inquiry correspond to the modifications in secondary- 
school, mathematics foreshadowed by the study of needs of the high- 
school pupil irrespective orhis possible future college attendance. 
The recommendations made in Chapter II that functional relation- 
ship be made the “underlying principle of the course," that the 
rneuning and use of simple formulas be emphasized, that more atten- 
tion be given to numerical computation (especially to the methods 
relating to approximate data), and that work; on numerical trigo^ 
nometry and statistics' be included, have received wddespread ap- 
proval throughout the country. That, they should be iij such clos^ 
accord mth the desires of college^achers in the^fields of pl^sical 
and social sciences as to entrance requirements is striking. We find 
here Uie jystificatidh for the belief expressed earlier in this repoi;JP . 
that thiere is no real conflict between the. needs of students who- 
ultimately go to college and those who do not. ; 
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Tabu 2,-^7hpiei (n order of valut at preparation for elementary rolUge etwtet. 

in the column heeded " E »» ere ieken from TeNe I , Ukinf in eeeh rew* the hither of the two 
The column heeded "K+C * give; itiee?h »Ilrth3rTaI^^^ 

. Ihe *" *” deflnltloo.5 



•l.lnear (W|netton.<< in one unknown 

Simple fonnulen— their meetiitig end use 

*IUtioend pronortion ' 

•NeiatJ' e nniniters-^iheir mgening and use 

«Wiiadratice«i nations in oneiinkiiown 

The lintor fi Miction; ga-mr-t'A 

*Sin)iiltancoits liiieereiiitntionx In two unkiiowns 

Ntmtcrhal Uigonometry—tho use of the sine, OKiiif, au<1 taiiyeut in thiVmlMtioVt'orsim 

proldemt Involving right irlanglw •** 

•'V-mon!*inHiveg«ionieiry 

< ‘5f of lui;arithnis in com'pntal ion ! ! i 

•* .’raplis as a thethod of r*>preM*iiUng de|ien<h'n<v ! 

roniputetion with appioximatedata—iutionni use of Mgiiiflctint tignn*s. . . . 

The •ptadratir fiitirtion: + ; 

I*hin« trigonometry • • nimuicoiifec ! i 1 

r iraphic repre<4>ntaUoii of stai isUoal datn \ . . * 

■ Statistics— meeiiing aild use of elementary concepts \ 

Variation ■ , 

Statistics- frennciicy disfrilMitiona end cnrvfH. . 

*<iraphir solntloii oiproldfins ^ 

*l.lteratefpiaUuii5 .Z !. i . ! 

*Simn)tan«>iis Uii*iare*iuatiansiii more than 2 unknowns " 

*S(imilianeoii5 equations, one qtiedraUc, one linear 

•Tht>ory ofevpoiiHits 

• liiiiomial thi'orrm !!!,.!.!.!!.!." 

Analyile ci'oiiietry of the straight line 

Theory of logatithms 

Slalistirs— eomdatiofi 



j\tmlytio gcotnelry— funditineiital cottceptinns 

. *Simnlukneons «piadratic Ciinations.. . .v 

A Italy tie geometry ofUtecinIe 

Slutrt-ciit methods of compiitalioii 

I'soof tahli's in corapiitauon (other than loearithmsi. 

IJseofslido rule 

tniadiiary nnmliers 

• \rilliin» 11c prr^n«MOii 

•I Jeomclne progreaston 

rroljaldlilv 

(*otiic5<<rtions \ 

I’olar coordiiiaUy$ 

Pnipirical curves and fltUiig curvf>s to ohservatiotis. . 
Kqiialioiis of higher degree Uian tlie second 
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98 

100 

«3 

98 

81 

98 

79 

8t 

78 

93 

7H 

92 

71 
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88 

1 « 

88 

1 83 

82 

* 91 

82 

78 

81 

07 

69 

80 

67 

84 

67 

82 

66 

91 

M 

83 

47 

80 

46 

86 

43 

81 

43 

72 

40 

84 

86 

87 

36 

87 

3t 

71 

31 
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33 

m 

32 

77 

31 

60 

29 

Ti 

29 


24 

m 

24 

83 

24 1 

41 

23 

62 

23 ! 

48 

2'J , 

66 

18 : 

89 
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44 

12 i 

..10 
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• * Tho list includes ail the requirements of the willoge entrance examination l*oard except those relatinc 
to aJec^wc tocluiniue. The topic of • NomIivc nuintwTB *• lias also l« n pi\cn un aslerLsk, as it is M«or|y 
implinl, though not explicitly mentioned, in the C. K. K. It. doflnithins ' 


' The altitude of the colleges , — Mathepiaticnl instrucli(Tn in this coun- 
try is at present in a period of transition. While a considerable num- 
ber of Qiur most progressive schools have for several years given 
courses embodying most of the recommendations contained in Chap- 
ivTs 11, HI, and IV, of tlio present report, the large majority of 
schools are still continuing the older types of courses or are only just 
beginning to introduce modifications. The movement toward reor- 
ganisation is strong, however, throughout the country, not only in 
the standard four-year high schools but idso in the newer junior 
high schools. * ' 

Duiing this period of transition it should be the policy of the col- 
leges, while exerting a desirable steadying influence, to help the 
movement toward a sane reorganization. In particuli^ they should 
take care not to place obstacles in the way of changes yrhich axa , 
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clcariy in the interest of more effective colle^? preparntion. as well 
as of better general education. 

College-entrance i^oquirements will continue to exert a powerful 
influence on secondary-school teaching. Unless they reflect the 
spirit of sound pro^essive tendencies, they* will constitute a serious 
obstacle. 

In the present chapter ro\Tsed definitions of c<»llege-en trance re- 
quirements in plane geometry and elementary algebra are prc>sented. 
So far as {^larle geometry is concerned, the problem of definition is 
comparatively simple. Tlie proposed definition of the ref(uireinent 
ill plane geometry does not differ from the one now in effect under 
the college entrance oxaminatron board,^ A list of propositions and 
constructions has however been prepared, and is given in the next 
chapter for the guidance of teachers and examiners. 

In elemientary algebra a certain amount of flexibility is obviously 
necessary both on account of the quantitative difference among.coi- 
leges and of the speci»vl conditions attending a p<‘riod oi transitum. 
The former differences are recognized by the proposal of a minor and 
a maj«)r recjuirement in elenienlary algebra. The second of these 
includes the first and is intended to corres|><»hd with the tw<»-unit 
rating of the C. E. E. B. 

In connection with this matter of units, the committee wishes par- 
ticularly to disclaim any emphasis upon a special number of years or 
hours. The unit terminology is doubtless too well established to be 
entirely ignored in formulating college-entrance requirements, but 
the standard definition of unit * has never been precise, and will now 
become much leas so with the inclusion of the newer six-year pro- 
gram. A time ollotr^nt of 4 or .*> hours per weelc in the seventh year 
can certainly not have the same weight as the same Dumber of hours 
in the twelfth year, and the disparity will vary with different sub- 
jects. W^it is riaUy important is the amount of subject matter and. 
the queddy of work done in it. The *^unit** can not be anything but 
a crude approximation to this. The distribution of time in the 
school program should not be determined by any arbitrary unit 
scale. 

As a further means of securing reasonable flexibility, the commit- 
tee recommends that for a limited time — say five years— the option 
be offered between examinations based on the old and on the new 
definitions; so far as differences between them may make this 
desirable. • ' 

In view of th^ changes taking place at the present time in mathe- 
matical courses in secondary schools, and the fact that ctdlege-en trance 

’ The diAiUUan, fannulatid b]r Um NftUcttAl ConiiiUttM' on suailaitb or Coll<yi«« and SacotMtory 

Scltools, hu b^n given Uie approval of Uie C. E. £. B. “A unit roph*!(CDU a year'j* sandy in any subjeci 
In a secondary school, <msaitMtlnii approxhnately a <|tiarter of a full >nar*s work, A four-yenr 

mIkmI ciirrtouium should be.regnrded as reprseentlng not more Id units ol work/' 

4 .’ 
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rpquironienU should so soon as possible reflect desirable changes and 
Hssist in their adoption, the national committee recommends Hhat 
cither the American Mathematical Society or the Mathematical Asso- 
ciation of America (or both) maintain a permanent committee on 
c..llcgc-cn trance requiromenU in mathematics, such a committee to 
work in close cooperation with other agencies which are now or may 
in the future be concerned ^in a responsible way with the relations 
l»ctwc«*n colleges and secondary schools. 

DEHNinON OF COLLEGE ENTRANCE REOUIREMEMTC. 

KtRMKNTARV Al.fjRlIRA. 

Minttr reywiVemcii/.— The meaning, u.se, anil evaluation (incluiling 
the necessary transformations) of siiiiple formulas involving ideas 
wijh which the student is familiar and the derivation of such formulas 
from rules e.xpressed in wortls. 

The dependence of one variable upon another. Numerous Ulus- ’ 
tiations and problems involving the linear function y>nu-i-&. 
Illustrations and problems involving the <|uadratic function y-tr*. 

The graph and grapliic representations in general; their construc- 
tion and interpretation, including the representotion of sUtistical 
data and the^ use o,f the graph to exhibit dependence. 

Positive and negative numbers; their meaning and use. 

Linear equations in one unknown quantity; their use in solving ' 
• pioblems. . ' . ' . 

Sets of linear e<|natioiis involving two unknown quantities: their 
use in solving problems. . 

- Katio, as a case of simple fractions; proportion without llie 
theorems on alternation, etc.; and simple coses of -variation. 

The es^tials of dgebraic techni(|uc. This should include—’ 

(n) The four fundamental operations. 

(ft) Factorii^ of the following types: Conunou factors of the terms 
of a pol 3 rnomial; the difference of two squares; trinomials of the 
second degqee (including the square of a binomial) that can be easily 
factored by trial. 

(c) Fractions, including complex fractions of a simple type. 

(</) Exponents and radiciils. The laws for positive integral ex-, 
(xments; the meamng and use of fractional exponents, but not the 
formal theory. TTie consideration of radicals may be confined to 
the simplification of expresaiims of the foiro ya*6 and -^aji and to 
the evaluation of simple expr^ions involving the radical sign. A. 
pnicess for extracting the square root of a number should bo included 
but not the process for extracting the square root of a polyndmial. 
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Numerical trigonometry. The use of the sine, cosine, and tangent 
in solving right triangles. The use of three or four place tables of 
natural funi^tions. ; - 

Major rrqniremrtU , — In addition to the minor requirement as 
specified aim ve, tlie following should ho included: 

1 llustratipns and problems involving the quadratic function 

Quadratic e(|uations in one unknown; 'their use in solving prob- 
lems. x/» 

Exponents and radicjJs. Zero and negartive exponents, and more 
extended treatment of fractioiMiI exponents. Kationali/dng denom- 
in&tois. Solution of simple types of radical Cijuations, 

The use of logarithmic tables in computation ^nthouJL the formal 
tlieiirv. 

Elementary statistics, including a knowledge t»f the fundamental 
concepts "and simple fre<juency dislrihutioiis, wiiii graphic repre- 
sentations of various' kinds. 

The binomial theorem for positive integral exponents less than 8; 
will such applications as yompound interest. 

The formula for the nth term, and the sum of n terms, of ai iilimc^iic 
and geometric progressions, with applications. 

Sunultaneoiis liiiear e<i nations in three unknown quantities and 
simple cases of simultaneous equations involving one or two qmul- 
ratic equations; their use in solving* problems. 

Drill in algebraic manipulation sliould bo limited, particularly ih 
ihe minor reqiiiremenj^, by the purpose of securing a thorough under^\ 
standing of important principles ami facility in carrying out those 
processes whicdi are fundameiital ami of fre<(uent cM ciirrence either 
in common life or in the subse<)uent coui'ses that a substaritial pro-' 
portion of. the pupils will study.' Skill in manipulation imist l)c 
conceived of tliroughout as a means to an end, not as aji end in itself. 
Within these limits, skill and accuracy in algebraic techni(|ue are of 
prime importance, and drill in this subject sliould be extemled far 
enough to enabl^ students to carry out the fundamentally essential 
processes accurately and with reasonable speed. 

The consideration of literal e<{uations, when tliey serve a significant 
purpose, such as the transformation of formulas, the derivation of a 
general solution (as of the quadratic^ equation), or thd proof of a 
theorem, is important, As a means for drill in algebraic technique 
they should beTised sparingly* I 

Tine solution of prol|i6ma should offer opportunity throughout the 
course for considerable arithmetical and computational work] The 
conception of algebra as an extension of arithmetic should bei made 
significant both in numerical applications and in elucidating algpbraic 
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principles. Kmphnsis slioiild l>e plwed upon the use of common 
senw anii judgment in computing fn»ni nppm.xima(e <Iata, especiully 
«nth regard to the numlwr of figures reUine«l. and on the necessity 
for checking the rpsulte. Tlie use of tables to facilitate computation 
(such as tables of stjuares iu>d square roots, of interest, and of trigo- 
nonietrir functions) shouhl l>e encouraged. 

PI^NE GEOMETllV. 

The usuid theorems and constructions of good textbooks, including 
tlie general pmpertics of plane rectilinear figiii^; the circle and the 
iiioasiirement of angles; siniilar polygons; areas; regular polygons and 
the measurement of the cireJe. Tlie solution of numerous original 
p.xerciscs, including locus pruhlem.s. .\pplication.s to the mensuration 
of lines and plane aurfac<^. 

The scope of the nsiuiied work in plane geometry is indicated by 
the List of Fumlamehtal Propositions and Constructions, wliich is 
given in the next chapter. This list indicates in Section I the type 
of pmpo.sition which; in thoopiiyonof the conuniltoe, may he assumed 
without proof or given informal treatment. Section 1 1 contains 52 
propo.silioiis ami 19 coiLstructioiis wluch are regarded os so fumla- 
menfid that they should constitute the common minimum of all 
, standard courses in plane geometry. Sei^tion III gives a list of siib^ 
•sidiary theorems which sugge.sls the typo of additional propositions 
tluit should be included in such courses. 

/ Cof/rycH'ii/mnrcejuwinfltioiw.^olh-geH-n^ examinations exert 
in many schools, ami especially throughout the eastern sertion of the 
country, an influence on scfondary school teaching which is verv far- 
reaching. It is, therefore, well witliin the province of the naiional 
coinimltoe to inquire whether the prevailing type of examination m 
mat hematics s»>rves the best interests of mathematical education and 
of college prepanilion. ' . 

The reason for the nlinost con'tndHiig influence of cntniiico exami- 
nations in tAo schools referrcil to is readily recognized. Schools 
gliding studbiiU to such colleges for men as Harvard. Yale, and 
Princeton, to tho larger colleges for women, or to any institution 
where examinations form.the only or prevailing hiodc of admission, 
movitably direct their instruction toward tho entrance examination, 
llus remains true oven if only a small percentage of tho class intends 
lo take thosftMSXaminationSj the point being that the success of a 
teacher is ofton measured by the success of his or her students in these 
exammations. 

In the jud^ent of the committee, the prevailing typo of enlranoe 
examination in algebra is primarily a teat of the candidate’s skill in 
, 68867*— 21-r-« 


44 


MATHEMATICS IN SKCKINIIarY KDUOATIO'i^ . 


1 


formal muni pula lion ^ and not an adequate test of his undcrstundin^ 

' "or of his ability to apply the principles pf the subject. Morc(»ver, it 
is quite jgenerally felt that the difficulty and complexity of the formal 
manipulative quc^stions, which have appeared on recent papers set hv 
ct)lleges and by such agencies as the College Entrance Examination 
Board, has often beeh excessive. As a result, teachers preparing 
pupils for these examinations have inevitably been led to devote an 
excessive amount of time to drill in algebraic tc^chnique, without 
insuring an adequate understanding of the principles involved. Far 
from providing the desired facility, this, practice has tended to impair 
it._ For ‘‘practical skill, modes of effective- tjechnique, ban be intelli- 
gently, nonmechanically used only when intelligence has played a 
. ' part in their acquisition. ’’ (Deweys How We. Thittl , p, 52.); 

Moreover, it must be noted that authors anck publishers of text- ^ 
books are dnder strong pressure to make their content'and distri- 
bution of emphasis conform to the prevailing type of entrance 
examination. Teachers in turn are too often unable to rise above the 
textbook^ An improvement in the examinations in this respect 
will cause a- corresponding impeoyement in textboo^j||||id in teaching. 

On the other hand, the makers of entrance in algebra 

cannot be held solely responsible for the condition de.scri bed. Theirs 


is a most diffmirll 'problem. * Npt ^hey reply that as long as 

algebra is taught as it is, examinations nwist be largely on technique,^ 

- 'but they can also claim with considerable force that technicar facility 
is the only phase of algel^ra that can be fairly tested by an exam- 
• ination; that a candidate can rarely do himself justice amid unfamil- 
iar surroundings and subject to a time limit on questions involving 
real thinkipg in applying principles to concrete situations; and that 
, we must face here a real limitation on the power of an examinatiorr 
to test attainment. Many, and perhape most, teachers will agree 
vrith this claim. Past experience is on their side; no generallv 
accepted and effective “ poiver test in niatherimtics has as yet been 
devised and, if devised, it might not be suitable* /or use under condi- 
tions prevailing’during an entrance examination. 

But if it is true that the power of an examination is tl^s in 
limited, the wisdom and fairness of using it as the sole "means of 
*. admission to college is surely open to grave doubt. That many 
unqualified -candidates are admitted under this system is not open to 
question. Is it not probAble^that many qualified Candidates are at 
the saine time excluded? If the^ttance examifiation is a fair te§t * 
of manipulative skill only, s|^H^bt . the colleges use additional - 
tneans for learning something other abilities 

and qualifications ? ^ * 

. 1 y < Tte yl)Btous circle Is now complete.* Algebf^';lll tmuse o( the chAriicter.,vI .Uie 

exam^Uon, in or^ to be Mr, mt^t conform to the.^bar«cter of the teachinf/ ^ 
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Some teachers believe that an effective ''power test” in mathe-' 
matics is possible. Efiforts to devise such a test should receive every' 
encouragement. - 

In the meantime,’ certain <lesirablo modifications of the prevaUing 
typo of entrance examinations are possible.' The coUege entrance ex- 
amination board recently appointed a committee to consider this 
question and a conference ^ on this subject was held by representa- 
tives of the c<>llege entrance examination board, members of -the 
jiational committee, and others. The following recommendations are 
taken from the ri'port of the committee just referred to; 


F.il|y one-third of the qu^iona should be on topic* of *uch fundament^ 
T* V . j thoroughly taught, carefully reviewed, and 


d^ly imnreesed by efTcclive drill. , 

di^ffculty that an^ pupil of regular attendance, faithful ^Mication7^^ 
ah^ty may bo to answer them satisfactorily. »na ox en moacrate 

mmple and difficult qjiestions testing the candidate’s ability 
te apply the principles of the gubiect. . The^rJjUbnes of the ^ 


impemnee that they m 

They should be of such aT degreTof 

jiithfulr" *’ * * 

them satisfactorily. 

1 ji*» t. .. lasting t 

wn^nes of the easy questions £ould 
for the candidate of good average ability who can do a little Uunkiiur 

J^dcntific cTO^t ' question* should have genidnf 

nere should he a substantial question which will put the best candidates on their 

"t » f»>f proportion of the really go<S cai- 
dtdatm. This question should test the normal workings of a well-trained . It 

should *" ‘™e of the examination! It 

^ f ^ <andidato s grasp and insight— not a catch ciuestion or a 

unfamiliar character making extraordinary demands on the critical 
(wwers of the candidate, or one the mlution of which depends on an inspiration 

. "bould be a suhsUntial test on the topic ot topics wfcch it repre! 

«iuai value.’ "*'* '•*“ impossible that all questions be 

Oarerfiouid be u.'ipd.ilwl thec.xamination benottoolong. * » » The examiner 
shwid bo content to ask questions on tiie important topics, so chSSen th^HiSk 
anSii crs will be fair to the candidate and instructive to the readers- and beyond this 
merely to sample the candidate’s knowledge on the minor topics ™ “ 

The national coininittee suggests ..the following additional prin- 
ciples: Tlie examination as a whole should, as fir a practicable, 
ceflect the prihciple that algebraic technique is a means to an end, 
and riot an end. in itsoJf. 

QiKMtions that require of the candidate skill in algebraic manipu^ 
•lation beyond the needs of actual application should be used very 
spnringl}^ * . 

An effort should bo made to devise questions which wiH fairly 
tost the candidattv's understanding of principles . and his ability to 
apply them, while invo lving a imnimum of manipulative complexity. ^ 

V** loUowlnK vote was unanlmoMly passed: “Voted, that the reeuHs of exaioina^ 
u?bf*^*^^** entrance exmnlnatlon board), be reported by letters A, B, C, D, E and that the 

*^- “*^* ** determfm^ in each year by the distr^ti^ 
of abUlty In t standard grrap of papers repreaenttng widely both public and private Aihools." 
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The examinations in geometry should be definitely constructed to 
test the candidate’s ability t#draw valid conclusions rather than his 
ability to memorize ^an argutnent. 

A chapter on mathematical terms and symbols is included in this 
report.® It is hoped that examining bodies will he guided by the 
recommendations there made relative to the use of terms and symbols 
in elementary niathematics. 

The college entrance examination board, early in 1021, appointed 
a commission to recommend such revisions as might seem necessary 
in the definitions of the recj^iiremenls in the various subjects of 
elementary mathematics. The recommendations co'n mined in tlic . - 
present chapter have been laid before this commission. It is hoped 
that the commission s report, when it is finally made t*ffective by 
action of the college entrance examination board and the various 
colleges concerned, wdll giv<v impetus to the reorganization of the 
teaching of elementary mathematics along the lines recommended 
in the report of the national committee. ' 

• SeeCb. vm. - 
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Chapter VI, 


I LISTS OF PROPOSITIONS IN PLANE AND SOLID GEOMETRY. 


Oen^ baMx of the xelectwn of material— The: subcommittee ai)'- ' 
pointed to prepare a list of basal propositions mode a careful study 
of a number of wnlcly used textbooks on geometry. Tte bases of 
selection of the propositions were two: (I) The extent to wliich the 
(iropositioiis and corollaries were used in subsequent proofs of im- 
portant propositions and exercises; (2) the value of the propositions-, 
m completing important pieces of theory. Although the list of 
theorems and problems is substantially the same in nearly aU text- 
books m general use in this country, the wording, the sequence, and 
the methods of. proof vary to such an extent as to render iliflicult a 
dehnite statement as to the number of times .a proposition is used in 
Uie several books examined. A tentative table showed, however 
less variation than might have been anticipated. ’ 

CUus»ific(Uion. of ^propositions . — The classifleation* of propositions 
is not the same in plane geometry as in solid geometry. This is 
partly due to the fact that it is generally felt that the student should 
limit his construction work to figures in a plane and in which the com- 
passes and straight edge are sufficient; The propositions have been 
divided as follows: * . , 

Plane geometry : I. Assumptions and theorems for intormol treat- 
ment; II. Fundamental theorems and constructions: A. •Theorems 
B. Constructions; 111. Subsidiary, theorems. 

Solid geometry: I. Fundamental theorems; II. Fundamental prop- 
ositions in mensuration; III. Subsidiary theorems; IV. Subsidiary 
propositions in mensuration. 


I. Assumptions ana theorems tor informal treatment . — This list 
contains propositions which may bo assumed without proof (postu- ^ 
lates), and theorems which it is permiMible to treat informally 
Some of these propositiolis Will appea/ as definitions" ip certain- 
methods of treatment. Moreover, teachers shopld feel free to require. ' 
formal proofs in certain cases, if they desire to do so. The precise 
wording given is not essential, nor is the order in which the proposi- 
. tions arc hero -listed. The list should, be. -taken 'as represenitr^* — ^ 


\ 


PLANE GEOMETRY 


I 


m 



ERIC 


48 ‘ MATHEMATICS IN SECONDARY EDUCATION. 

the type of propositions which may be’ assumed, or treated informally, 
rather thati as exhaustive. 

/ • 

1. Through two distinct poinia it is possible to draw one straight line, and onlv one. 

2. A line segment may be produced to any desircMl length. 

3. The shortest path between two poin^ is the line segment joining them . 

A. One and only one perpendicular can be drawn through a given point to a given 
straij^t line. 

, - The shortest distance from a point to a line is the perpemlicMilar distauc^e from 

the'point to the line.. . . . ^ , 

0. From a given center and with a given ra<lius one and only one circle can he de- 
scribed in a plane. 

7 . A striugnt line intersects a circle in at nuwt two points. 

8. Any li^ire may be moved from one place to another without changing its shap*? 
or size.. 

* It. All right angles arc eaual. 

10. If the sum of two adjacent angles equals a straight angle, their exterior sides 
fonn a straight line. 

11. Equal angles have equal complements-and equal supplements. 

12. Vertical angles are equal. 

13. Two lines perpendicular to the same line are parallel. 

^ 14. Through a given point not on a given straight line, one straight line, and only 
one, can be drawn parallel to the given line. 

15. Two lines parallel to the same line arc parallel to each other. 

16. The area 6f a rectangle is equal to its base times its altitude. 

II. FjundamenUd theorems and cotistructions. — II i.s m*ommtMui«*d 
that theorems and constructions (other than originals) to be proved 
bn college entrance examinations be chosen from the following list. 
Originals and other exercises should be capable of solution by direct 
reference to one or more of these propositions and constructions. It. 
sho^uld be obvious that any course in geometry that is capable of giving 
adequate training must include considerable additional matcfial. The 
order hero given is not intended to signify anything a.s to the order of * 
presentation. It should be clearly understood that certain of the 
statements contain two or more theorems, and that tfie precise word- 
ing is not essential. The committee favors entire freedom in state- 
ment and sequence. 

.\ THE«>UKM.S. . 



l;'Two triangles are congruent if * two sides and the included angle of one are 
equal, respectively, to two sides and the included angle of the other; ( 7 >) two angles 
and a side of one are equal, respectively, to two angles and the corresponding side 
. of the other: (c) the three sides of one arc equal, respectively, to the three sides of 
the other. . ' 

2. Two right triangles are congruent if the hypotdhusc and one other side of one 
are equal, respectively, to the hypotenuse and another side of the other. 

3. . Jf two aides of a triangle are equal, the angles opposite these sides are equal: and 
' conversely.* > . . 

4. .The locus of a point (in a plane) equidistant from two given points is the perpen- 
dicular bisector of the line segment joining them. ^ . 


* Taachem should ImI (Tee to separate this theorem into three'distlnct theorems aod to use oth<»> phraso- 
ology for any such, propoBltW For example, In triangles are equal If'' * « « Va triangle Is 

. detemiioed by • ♦,",atc. Similarly In 2, the statement might r^: “Two right tri^i^les are con- 
gruent If, best^ the right angles, any two parts (not both angles) In tho one are eq ual to corresponding paru 
of the other." 

’It.Bhmild bo understood that the eonverse of a theorem need not be treated In connection with the 
th<wem Itself, It being sometlmoB bettw to treat it later. Furthermore a converse may occasionally be 
ac^pted as true In an elementart coutm, If the neoeesity for proof Is made clear. The proof maj then 
■ .;,bo.givanl*tw.-v. • : • ■ . • ■ 

" ■ ■■ . ■ '■ 
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5. The locus ot a point c<|uidisunt from two given intersecting lines is the pair of 
lines bisecting the angles formed by these lines. 

and Parallel lines, the alternate interior anglm are equal; 

• q’ angles of a triangle is two right togles. 

8. A parallelogram is divided into connuent triangles by either diagonal. 

(convex) quadr4Iateral is a parallelogram (s) if the opposite wdes are equal; 
(6) if two sides are equal aiTd parallel. ^ * 

10. If a series of parallel lim« cut off equal segments on one transversal, they cut 
off equal segments on any transversal. , 

/V* iHu parallelogram is equal to the l»ase times the altitude. 

(6) The area of a triangle is equal to one-half the base times the altitude. 

/Sv *^*^*^*^ ^ / trapezoid is c<|uai to half the sum of its liases times its altitude. 

(a) Ihe area of a regular polygon is equal to half the product of its aixithem and 
perimeter. ' 

If a'^^[f*Kl*tline is drawn through two sides of a triangle parallel to the third 
side. It divides these sides proportionallv. 

i6) lU lino <livid<M two sides of a trinnKle proportionally, it is parallel to the third 
***de. (J^rofifs for commensurable cases only.) 

^ seipnents cut off on two traysversals iiy a series of parallels are proportional, 
l b 1 wo triangles are similar if (a) they have two angles of one equal, respectively. 

r *■ ^ ^ ^ angle ofthe other 

and the including^sides are proportional; (r> their sides are rospoctivelv proportional. 

#1* *1 *n a circle, the product of the segmeufe of one is cKiual 

tothe product of the segments of the other. . * 

sponding riflw similar polygons have the same ratio as an\ two corre- 

\i\. Polygons are similar, if they can lie decomp^ into trianglesVhich are-simi- 
larand simijarly place<l: and conversely. 

17. The bi.^wtor of an (interior or exterior) angle of a triangle divides the opposite 

>nto segments proportional to the a<ljacont sides. 

18. Ihe areas of two similar triangles (or polygons) are to each other as the squares 
of any two corresponding sides. 

\U In any right triangle the perpendicular from the vertex.of the right angle on 
triang?o^^**^^ *^^' ** ^ ^ tn^gle into two triangles each similar to the given 

hyfKitemuw‘ is wtual h» the sum of the 

squares on the other two sides. 

21. In the same circle or in equal circles, if two arcs are eciiial, their omtral angles 
areefiual; and convorsfily. • V - i. ougioo 

A” ^*'^^**^ angles at the center are proptirtionai their intercepted arcs. 

( Proof for commensurable case onlv. i 

I n the same circle or in equal circles, if two chonls are equal their crresiKiuding 

arcs «re equal; and conversely. “is 

^*5™*^*^*’ l»eri)cndiciilar u> a chord bisects the chord and the arcs «if the 
cnord. (6) .A qiameter which bisects a chord (that is no^ a diameter) is jicrpendicular 

Isdnt*^and*?o^^ ^‘"^*** perpendicular to the radius at that 

. 2«. In the same circle or in equal circles, equal cWirds are equally distant from 
the center; and conversely. 

same aro inscribed in a circle is equal to half the central angle having the 

28. A ngles inscribed in the same segment are equal, 
inivjki/ ^* 1 ^^ ® “ diWd^ into eaual ^s, the chords of these arcs form a regular 
pSy^^ tangents at tne points of .division form a regular circumscribed 

circumference of a circle is oquab to 2rr. (Informal proof only.) . 

S,*.. The area of a qrcle is equal. to yr*. (Informal proof only.) . 

tne treatment of the. mensuration of the circle should 1^ based upon related thw- 

nhoiild be an iindemtandiiig of the wncepts involv^, eo -far as 
me capacity of the pupil permits. 

» Tlw ^1 numbw o< tbwr»m»glvwi In thto IMwhmMp.nUd,uwlllprotebly IwlwndMtvuUnoiB 
tolbMlJiif thl,niimbwlncludln«thi|c«»v«»e,liidl<»W^ 
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B. CONBTnUCTlONS. 


in>cndicular bisector. 




rnients. 


1. Bisect a line sepmcnt and draw the 

2. Bisect an an};)e. 

3. ^instruct a ivn^omlicular to a Rived line through a riv< 

4. (Ntnslnic^an aiiRle equal t4> a given dnRle. / 

5. Thnnigh a given draw a straight line parallel given straight lino. 
Con.nruct a triangle, given (u) tlie tiVree Hides; (A/lwo sides and the included 

at^de; (c).iwo angles ami the ns'liided sidk / 

7. l)i\ide a line K'giuent int» |)arls |m»(>hi4^>njil^i given ai*gnjenls. 

H. (liven an (»f a circle, Hn*d itH center. 

X'ireui^’ribc acinde alsuit a triangle. 

10. InscrilH} a cindc in a triangle. * * 

11. Construct a tangent ti> a circle tlinuigh a given point.' 

12. (construct the fmrrth pnqstrtional V> three given lim‘ segi 

13. Construct tho moan pnqK»rtional between two given lino seg 

14. (oa**tcuct a triangle (p»*lygcm) similar to a given triangle (|»o|vj 

15. Oiastruct a triangle equal to a given polygon. ‘ • 

10. Ins(yil>e a s(|uare in a circle. 

17. inscribe a regular hexagon in a circle. 

III. Subsidianj list of proposiTtons , following list of propo- 
sitions is intendod to suggest some of tho additional mat(?riai roferrod 
to in the introchjclory paragraph of Section II. It is not intendtql, 
however, to bq exhau.stiyo; indeed, the committee feels tliat teotrhers 
should be allowed considerable freedom in the selection of such 
additional material, thi?orems, corollaries, originals, exercises, etc., 
in the hope that opportunity will thus be alfordwl for constructive 
work in tho development of courses in geometry. 

I. When two lines are cut by a transversal, if ther corresponding Angles are equal 
or if the interior angles on the same side of the transversal are supplementary the 
lines are parallel. 

2. When a transversal cuts two parallel lines, tho correepimding angles are equal, 
and the interior angles on tho same side of the transversal are supplementary. 

3. A line perpendicular to one'^of two parallels is perpendicular to the oilier also. 

. 4. If two angles have their sides respectively parallel or respectively poryiendicular 

• to each other, ^ey are either e(|ual or supplementary. ' 

5. Any exterior angle of a triangle is equal to tho sum of tlie two optMisite interior 
angles. 

.6. The sum of tho angles of a convex pidygon of n sides is 2 (n-2) right angles! 

7. In any parallelogram (<i) the <q>positc sides are equal; (6) the opistsito angles 
are eoual ; (c| the diagonals bisect each other. 

. 8. Any (convex) quadrilateral is a parallelogram, if (o) the optiosito angles are 
equal ; (6) the diagoii^s bisect ea<'h other. 

9. The mediaas of a triangle intorscct in a point which is two-thirds of the distance 
from the vertex to the mid-point' of tiie opposite side. 

10. The altitudes of a triangle meet in a point. 

11. The perpendicular bisectiirs of the sides of a triangle meet in a point. 

12. The bisechirs of the angles of a triangle meet in a point. 

13. The tangents to a circle fn»m an external point are equal. 

14. ^ (<r) If two sides of a triangle are unequal, the greater side lUis the greater 
angle opposite it, and conversely. 

(b) if two sides of one triangle are equal respectively to twp sides of another triangle, 
but the inejuded angle of the first is greater than the included angle of the second, 
then the third, side of the first is greater than the third side of the second, and con- 
versely. . . 

(r) Jf two chonls are unequal, the greater is at the less distance from the center, 

- and .conversely. . * ^ 

* Such inequality theorcmfi as these are of fmportanoe in developing the notion of dependence or func- 

tionality in geometry. The fact that they are placed in the *^$(ihsldi]u7 lin of propositions*' should not 
Imply that they arc considered bf leas educational value than those in List II. they are plat^ here becanse 
^'tW are not fundamentar* in the same sense that, the theorems of List II are fundamental.' ' 
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I? hM.th® g»««tof ‘'hord, and ronveraply. 

15. An an^hr inftrnlH^ in a Hominrrle tfl a nght angle. ^ 

I-’’ a!1 1 **j»8^n* to or rutting a rirric interrept equal arrn on the circle 

intVVr.%1 wc. “ -nea«.,MVy J ALe 

'”‘*"*^‘’"8 “‘■Mured by half the Rum of tho 

h»!?li,n Win formed by tn-o maots or by two tangents to a cirelo.«s measured bv 
nail the dinereni'o Iw^tween the int<»rcepied arcs ^ 

20. H from a |Kwnt \nihdut < irrie a WM'ant an<l a tangent are drawn the taneent 
P'^M'oOional hetw<M»n the whole wmuhI and ita external ne^ent ^ 
^•>* <>r. inanghii of equal ha^-fl and altitudcH are e«iuiS 

i.iu“h r '" V n gular jxfvgi.iif* of the flame number of sides are to 

ea< h other as their ra<lii and also art their a[K>themrt. 

SOIJii (iEOMETRV. 

In the following list the precise wording and the sequence are 
not considered: 

I. FUNDAllE.NtAI. TIIKOKEMS. 

I. If two planes meet, they intersect in a fltnught line. 

p«'rp«;n<lieular to <*a< h of two interstH ting lines at their point of inti>r.' 
H*ction it irt ia.riH.ndi. iilar to the plane of the two lim^ ^ 

dirulaVta'lbrg?;;"; P’""‘ "■ ‘ P'“- P-HH-n. 

P*« »"«■ •“‘J -uly one 

5. 1 wo lini'w piTpendieular u> the Name plane arc parallel. 
paiillel^iTlh^^^ ronUining one of the lines and only one is 

7. Two planes |H*rpendicular to the aame line an* parallel. 

8. plMesarr^cuthyathird plane, the Unoeofinteniertionait* parallel. 

9. If tao a^les not in the flame plane have thfor Hides rt*spe<*tively parallel in th« 

same «nse, they arc equal and their pianos are parallel. ^ ^ 

pefrer^^rarteirTn^^^^ - ^ «' t^em 

« l«r^^dUml«ra“ pta'n?''" P'""* 

P‘“" '■““‘"8 •" «*f« 

( lu Mual to a right prism whose bafle is equal to a right section 

/ . 4i* Py'^njid or a cone is cut by a plane parallel to Uie liase : 

/?{ c^ges and tho altitude are divided proportionallv; 

on?® ^ ^ figiire similar to the base; * . 

r.w.vl ® H*® *'^^*^*^ “ ^ the^aroa of Uje base as the w|uare of the distance * 

^^ 1 *? IS to the sr^uare of the altitude of Uic pyramid or cone. 

‘ m* hajing equal bafles and equal altitudes are equal. 

All points on a circle of a sphere are equidhitanl from either pole of the circle 

'iinUuiTO from w h of two other 
8?^ two*|^Sto “ * P®'« «>• •<»« pent cirelc p^ng through 

to tho i|»hMl“® ^ P«T»ndicular to a nwiiuB at ite extremity oh a iphero, it ia tahgeiit 
M. A sphere can be iiMribed in or circumscribed about any tetrahedron * 

thfpolL"wS*gle"fi,®^ tociprocally thei^cond >. 

tide o/the^t^*^ triangles each angle of either is the suppleiheDt of the opposite 
■ 8^*.'rwo'aynuneteic spherical Uianglta are equal, 
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II. FUNDAMENT.\I. PROPOSITIONS IV MKN8URATTON. 

2i>. The lateral area of a prism or a rircular cylinder is equal to the pnidurt of a 
lateral edge or element, reejHK’tively, by the fK*rinioter of a right section. 

27. The volume of a prism (including any parallelopipe<l I or of a circular cylinder 
is equal to the product of its base by its altitude. 

2H. The lateral area of a regular pyTamid or a right circular cone is equal to half tb«* 
pnKfuct of its slant height by the periq^eter of its base. 

29. The volume of a pyramid or a cone is equal to one-third the product of its bai«i> 
by its altitude. * 

:10. The area of a sphere. 

31. The area of a spherical polygon. / 

32. The vdlunie of a sphere. 

MI. stTusrniARv thkurems. ’ ' ^ 

33. If from an external point a perpendicular and obliques are drawn t<» a plane, 
(u) the perpendicular is shorter than any oblique; (6) obliques meeting the piano at 
equal oistanf'es from the f«Mit <»f the ^r()etidicular aro equal; (c) ot two obliqutvi 
meetinf^ the plane at unequal distaiuvs fmm the foot of the perpendicular, tlie .nion* 
remote is the longer. 

34. If two lines are eiit liy tlm^^ parallel plains, their • orres[>onding scgiiieiits are 
pn>portional. 

35. Between two lintNH not in the same plane there is one common perpendicular, 
and only one. 

3ii. Tiie bases of u cylinder art* congruent. 

37. If a plane interst'cts a sphor<‘, the line of intcrsi*ction is a circle. 

3S. The Volume of two tt*tralit*< Irons that have a tribeilral angle of ono equal to a 
trihedral angle of the other are to each other as the products of the three tnlges of tlu*H»* 
trihedral angles. 

,3!». In any polyhetlron the number of iMlg«‘g ini*reas<Hl by tWf* is equal to the number 
of vertices increasetl hv the number of faei's. 

40. Two similar ^dyhetlrons can l>e separated into the same numhorof tetraheflrous 
similar eac h to cat'll and similarly placetl. 

4.1. The volumes of two similar totraheilroiis an* to ea<'h otht*r as th.o euhes of any 
two corresponding edges. ‘ 

42. The volumes of two similar (lolyhetlrons are to each other as the ruhesof any two 
corres^nding etigee. 

4?. If three face angles of one trihotiral angle are equal, rt*epeetively, tothetlirt*e 
fa^ angles of another the trihetlral angles arc either congruent or symmetric. 

44. Two spherical triangles <»n the same sphere arc either congruent or svimneiric 

if («) two sides and the inclutletl angle of one are t*qual to the n>rrt«pon<iing parts 
oftheotlfhr; (6) tw*o angles and thcint'ludedsideofoneareetiual to thec<)rrt*spon<ling 
parts of the other; (c) they are mutually e<|ui lateral; (tl) tney are mutually* equi- 
angular. . ‘ V 

45. The. sum of any two'fai'e angles of a irihe<lral angle is greater than the third 
facea^e. 

ft;. Tne sum of the face angles of any mnvex polyhe«lral atejie in less than four 
right anglhs. 

47. Each side of a spherical triangle is loss than the' sum of the other two sides. 

less than 

greater than ISO® and less than 

50. There can not be more than live regular polyhednms. 

. 51. The locus of points equidistant (n) fmm two given poin.ts; from two given 
planes which intersect. ^ ' 


«f « x/1 ca o^iiviivCwi #cau|qav ao 

48. The sum of the sides of a spherical polygon is Ic 

49. The sum of the angles of a spherical triangle is 


IV. 8UHSIhIAI0'v*’R()I*OdlTlONS IN MENSURATION. 

52. The volume of a frustum of (a) a pyramid or (5) a cone. 

53. The lateral area of a frustum of (a) pyramid or (6) a c^me of revolution. 

54. The volume of a prismoid (without formal proof). 
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Chapter VII. 

THE FUNCTION CONCEPT IN^ECONDARY-SCHOOL 
MATHEMATICS.' 


In Chapter II, and incidentally in later chapters, considerable 
.•iiiphasis has boeji placed on. the function concept or, better, on the 
idea of relationship between variable quantities as one of the general 
i«leas that shojild dominate instruction in elementary mathematics. 
Since this recommendation is peculiarly open to misunderstanding 
i m the part iif teachers, it seems desirable to «levote u separate chapter 
t<i a rather detailed discussion of what 'the recommendation means 
and implies. , 

It will he seen in what fojlows that there is no disposition' to 
lolvocate the teaching <»f any sort <tf fiiiu-tion theory. A prime 
danger of misconception that should be removed at the very outeet 
I- that teachers may think it is the notation and the definitions 
of such a theory that are' to l>e taught. Nothing could be further 
from the intention of the < ommitt*!e. Indeed, it seems entirely safe 
to say that probably thr word '• function ” had best not be used at 
all in the early courses. 

Wliat is desind is that the idea of relationship or dependence 
1^‘t.ween variable quantities be imparted to the pupil by the examina- 
tion of numerous concrete instances of such relationship. He must 
he shown the workings of relationships in a large number of cases 
before the abstract idea of relationship will have any meaning for 
hiiu. Furthermore, the pupil should be led to form the habit of 
thihking about the connections that exist between related quantities, 
not merely because such a habit forms the best foundation for a 
n>al appreciation of the theory that may follo,w later, but chiefly 
la'causo this habit will enable him to think more, clearly about tho 
■«iuantities with,which he w;ill have to deal in real life, whether or not 
he takes any further work in miithemnthrs. 

Indeed, tho reason for insisting so strongly upon attention to the 
idea of relationships between quantities is that such relationships 
do occur in real life in connection with practically all of the quantities 
with which we are' called h])on to deal in practice. Whereas there- 
can be little doubt about thq small value to the student who.dtoes 

' The nrst draft of tbla chapter Was prepared far the natioiufl committee by E. R. llodrlck, of the Uiil- 
vendty of Missouri. It was discussed at the inrrtini; of the committee, Sept. 2-4, I W>; revised by the 
author, and dlsciml Doc. 1^, and is now lasued as part the committee's report. 
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not go on to higher studies of some of the manipulative processes 
criticized by the national committee, there can he no doubt at all 
of the value to^ persons of any inerejise in their ability to see and 
• to fores(»o the manner in \vhi(*h related cpiantities afTe<*t each other. 

To attain what has been suggested, the teacher should have in 
t mind constantly not any definition to be recited by the pupil, not 
any automatic response to a given cue, n»»t any memory exercise 
at all, but rather i\ determination hot to pass any instifncc in >vhich ^ 
one quantity Is related to another, or in which one (pumtity is deter- 
mined by one or more others, without calling attention to the fact, 
and trying to have the student ^*seo how it works^' These instanees 
occur in literally thousands of cases in both algebra and geometry. 

It is the purpose of this chapter to outline in some detail a few’ typical 
instances of this character. 

RELATIONSHIPS IN ALGEBRA. 


The instance of the function idea which usually occurs to one first 
in algebra is in connection w’ith the study graphs. \Miile this is 
natural enough, and wdiilc it is true that the graph is fundamentally 
functional in character, the supposition that it furnishiM^ the first 
opportunity for observing functional relations botw-een (piantities 
betrays a misconception that ought to ht^ eorret'tiKl, 

1. Use of letters' for nuriibers. — ^'fhe. very first illustrations given 
in algebra to show the use of letters in the place of numbers are 
essentially functional in character. Thus, such relations as 
and A^rr^f as well as others that are frequently use<l, are statements 
of general relationships. These should he used to accustom the 
student not only to the tise of letters in the place of numbers ^d to 

• the solution of simple numerical problems, but also to the idea, for 
example, that changes in r affect the value of A, Such questions 
*as the following should be considered; If r is doubled, what will 
happen to Af If p is doubled, w'hat will happen to If Apprecia- 
tion of the. meaning of such relationships will tend to clarify tlie 
entire subject under consuleration. Without such an appreciation 
it may be doubted whether the student has any real grasp of the 
matter. ^ / 

2. Equations: — Every simple problem leading to an equation in 
the first part of algebra w*ould he better understood for just such a 
discussion as that mentioned above. ^Tfaus, if two dozen eggs are 
weighed in a basket which weighs 2 pounds, ahd if. the total weight 
is found to be 5 pounds, what is the average weight of an egg? If x 
js the weight in ounces of one egg, the total weight with the 2-pound 
basket would be 24z + 32 punces. If the student will first try the 

< effect of an average weight of 1 ouhpe, of ounces, 2 ounces, 2| 
/ of the problem . will, stimd out dearly. 'Jn 
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cve^ such problem preliminary trids really amount to a discussion 
of tho proporties of a linear function. 

3. Formula.^ of purr sciriicr aud of practical ojfairs.— The sUidv of 
formulas a.s such, asi<le from fheir numerical evaluation, is becoming 
..f more and more importance. The actual uses of algebra aro not 
to be found solely nor even principally in the solution of numeri« al 
problems for numerical lutswers. In such formulas as those for 
falling bodies, levers, etc.-, the manner in which clianges in one ‘ 
c|uaniity cause (or correspond to) changes- in anotlnT are of prime 
importance, and their discussion need cuust« no difliculty wlmtevor. 
The formulas under discussion here include those formulas of pure 
.science and of practical affairs which are being introduceil more and 
more into our te.\^ on algenrn. Whenever such a formula is en- 
countered the teacher should be sure that the studcnla have some 
comprehension^^ the effects of chiuiges in one of the quantitieE 
u|)6n the other quantity or quantitie.s in the formula. 

As a specific utsii^jicc of such scientific formulas consider, for 
e.xample, the fon e F, in pounds, with which a weight W, in pounds, 
pulls outward on a string (centrifugal force) if the weight is revolved 
rapidly at a speed v, in feet per second, at the end of a string of 

length r feet. This force is given by the formula When 

ip" » ^ /* 

such a formula is used the teacher should not bo contented with the 
mere insertion of numerical values for IT, t>, and r to obtain a numeri- 
cal value for F. ^ 

The advantage obtained fntm the study of such a formula lies 
quite as much in the recognition of the behavior of the force when 
one of the other quantities varies. Thus the student should be ahle 
b) answer intelligently such (piestions as the following: If the weight 
is assumed to be twice as hei^vy, what is the effect upon the force I 
If the speed is taken twice as great, what is the effect upon the force t 
If the radius becomes twice as large, what is the effect upon the 
force? If the speed is doubled, what change In the weight would 
result in the same force? Will an increase in the speed cause an 
uicrease or a decrease in the force ? Will an increase in the radius 
r cause an increase or a decrease in the force ? 

As another instance (of a more advanced chiu'acter) consider the 
formula for the 'amount-of a sum of money /•*, at compound interest 
at r per cent, at the end of » years. This amount may be denoted 
by A,. Then we shall have A,~P (l+r)». Will doubling P 
result in doubling Will doubling n result in "doubling A,? / 
Since the compound interest that has accumulated is equal to the / 
difference between P and A„ wiU the doubling of r double, the 
interest b Compare the correct answers to these .qtiestionla Mith the 
a^wers- to the qp^tions in the. case iQf’simple ihteihs^/iii 

' ' V-i'" 
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which the formula reads + and in which the accumulated 

in tores], is simply 7V/». 

The difference l>etw<^ii such a study of the effect pniduuMl upon 
ono quantity by changes in luiother and the mere substitution of 
numerical values will ho apparent from thoseexi^plc^- 

4. Form\ilas of pure algehra, — Formulas of pure algebra, such as 
that for (2 + A)*, will be Iwtler understood and appreciated if accom- 
panied by a discussion of* the manner in which changes in h cause 
changes in the total n*(sult. This can be accompllshod by discussing 
such concrete realities as the error made in computing the area of 
a square field or of .a square room when an error has been made in 
measuring the side of the square. If x is the true length of the side, 
and if the student assumes various possible values for the error h 
made in measuring x, ho will have a situation that involves some 
comprehension of the functional workings of the formula mentioned. 
The same ftirmula relates to such problems as the change from one 
entry to the next entry in a table of squares. 

A similar situation, and a very important one, occurs with the pure 
algebraic formula for (/ -l-aHy;4-5). This formula may be said to 
govern the question of the keeping of .significant-figure.s in finding the 
product xj/. For if a and b repre.sent the uncertainty in x and y, 
respectively, the uncertainty in the product is given by this formula. 
The stu<lent has much to fearn on this score, for the retention of 
meaningless figures in a product is one of the coipinionest mistakes 
of bolK^ student and teacher in compiitational work. 

Such Jormulas occur throughout algebra, and each of them w\\\ 
be illummated by .such a disc'ussiop. The formulas for antbmetic 
and ge^bmetric progression, for example, should be studied from a 
functional standpoint. ^ 

5. TablfH, — The uses of the functional idea in connection with 
numerical computation have already been mentioned in connection 
with the formula for a product. Work which appears on the surface 
to he wholly numerical may be of a distinctly functional character. 
Thus any table, e. g., a table of squares, corresponds to or is exm- 
structed from a functional relation, e. g., for a table of squares, 

' the relation The differences^n such a table are the differences 

caused by changes in the values of th^ independent variable. Thus, 
the differences in a table of squares are precisely the differences, 
between x* and (x + A)* for various values of x. 

6/Avipfta,— The functional character of graphical representations 
was mentioned at the beghming of tius section. Every graph is 
obviously a representation of a functional relationship between two 
or more quantities. What is needed is only to draw attention ^to . 
this fact and to study each graph from this standpoint. Ih addi- 
this, however, it is desirable to point: but Uiat^ fiiite^^tional 
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ivliitiuns may ln> stutlioii diroctly l*y. iiu>an!^t>f graplis without th® 
intorvention of any algebraic formula. Thu.s such a graph as a popu- 

l.ation curve, or a curve representing wind pressure, obviously repre- 
sents a relationship between two ({uantities, but there is no known 
fiirmtila in either case. The idea that the three concepts, tables, ' 
grapks. algebraic formula-s. are all representations of the same kind / ' 
of connection between quantities, and U»at we may start in soi.ie / 
io.'ttances a'ith any of th<v three, is a must valuable addition to- the ! 
student’s mental e<|uipment, and to his control over the quantities * 
with which he will deal in his daily life. 

RELATIONSHIPS IN GEOMCTRV. * 


T hus far the instances mentioiietl have been largely algebraic, 
though certain mensuration formulas of geometry have been men- 
titmed. Whde the mensuration formulas may occur to one fint as 
all illiistrution of functional cimcepts in geometry, they are by no 
means the earliest relationships that »«ccur in that study. 

I. < 'wtjruenre. — .\mong the earliest theorems are thoM on the con- 
ginenre of triangles, fn any such theorem, the parU necessary to 
establish congruence evidently determine eompleudy the size of each 
other part. Thus,- two sirles anti the included angle of a triangle 
evidently deU^rmine the length of the third side. If the student 
elearly gra-sps Ihis fact, the meaning of this case of congruence w'ill 
be more vivid to him, and he will be prepared for its important 
a)>plications in surveying and in trigonometry. Even if he never 
simlies those subjects, he will nevertheless be able to use his under- v 
siamling of the situation in any practical cases in which the angle 
between two fixer! roils or beams is to be fixed or is to be determined, 
ill a practical situation such as house builriing. Other congruence 
tlieorents throughout geometry may well be treated in a similar 
mun>ier. . " 

2. fneqmliius. In tho theorems regarding inequalities, the func- 

tional quality is even more pronounced. Thus, if two triani^es have 
two sides of one efcual respectively to two sides of the other, but if 
• he included angle lietween these sides in the one triangle is greater 
than the coiresponiling angle in the other, then the third sides of the 
triangles are unequal in the .same sense. This theorem shows thgt 
as one angle grows, the side opposite it grows, if the other mdea 
remain unchang^. A full realization of the fact here mentioned 
would involve areal grasp of the functional relation between the angle 
and the side opposite it. Thus, if the angle is doubled, wi|l the side 
opp^ite it be doubled? Such questions arise in'connection with all^ 
theoremB oh inequalities. . * * 

3. VariatioM in fyuret. — A great assistance to the iihagination is 
gm^inoertun figures by ima^ning variations of the figure through ' 
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all jnterjpiediato stages from one case to another. Thus, the angle 
bfetween two lines that cut a circle is measured by a proper combina- 
tion of the two arc« cut out of the circle by the t\^oTines. As tiie 
vertex of the^ angle passes from tlie center of the circle to the cir- 
cumference and thence to the outside of the circle, the rule changes; 
but these chan^os may oe borne in mind, and the entire scheme may 
be giaspcd, by imagining a c(»ntinuous change from the one position 
to the other, following all tiic time the changes in the intercepted 
arcs. The angle between a secant and a tangent is measured in a 
manner that can best be graspeil by another such continuous motion, 
watching the changes in the measuring arcs as the motion occurs. 
Such observations are essentially functional in character, for they 
consist in careful ohservatmns of the relationships between the angle 
to be meas^ured and the arcs that measure it. 

4.* Motion . — The precicding discussion of variable figures leads nat- 
urally to a discussion of actual* motion. As figures move, either in 
whole or- in parti the* relationships between tlie (juanlities involved 
may change. T<» note tliese changes is to sliitly the functional rela- 
tionships between the, parts of the figures. Without the functional 
idea, geometry wolild he wholly The study of fixed figures 

should not be the sole purpose of a course in geometry, for the uses (»f 
geometry are not whblljf’ on static figures. In<leed, in all machinery, 
the geometric figures formed arc in continual motion, and tlie shapes 
of the figures formed by the moving parts change. The study of 
motion and of moving forms, the dynamic aspects of geometry, 
shpuld be given at least some <^>j)nsiderat ion. Whenever this is done, 
th4 functional relations Jt>etwecn the parts become of prime impoi'- 
taijce. Thus a linkage of the form of a parallelogram can be •made 
mo^ nearfy ‘rectangular h}^ making the diagonals more nearly C(jual, 
and'ttie linkage becomes a rectangle if the diagonals are made exactly 
equal. This, principle is used in practice in making a rectangular 
fraioiework precisely true. 

Prpporiionality theorems.— A\l theorems which assert that certain 
quantities are in proportion to certain otjiers, are obviously functional 
in character. Thus even the simplest theorems on rectangles assert 
that the area of a rectangle is directly proportional to ifs height, if 
the base is fixed. W^en more serious theorems are reached, such as 
the theorems on similar triangles, the functional ideas involved are 
worthy of considerable attention. That this is eminently true will 
be realized by all to whom trigonometry is familiar, for the trigo- 
nometric iunctiphs are nothing but the ratios, of the sides of righ^ 
triangles.* “^ut even in the field of elementary geometry a clear 
understanding of the relation between 'the areas (and volumes) of 
sui^ar figures and the corresponding linear dimensions is of priine 


imi^rtailQe. 
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.RELATIONSHIPS IN TRIGONOMETRY. 

relationships in trigonometiy is evi- 
lenced by the co^on use of the words “trigonometric functions” 
lo describe the trigonometric ratios. Thus t^c sine of an angle is k 

js determined bv the 

size of Uie angle to w-hich it refers. The student shoiild Jbe madfcon- 
scious of this rdationship and he should be asked such questions as 

Inril^chril"^' angle increase or decrease as the 

angle changes frpm zero to 90° ? If the angle is doubled, does the 

r ess than twee the sine of the original angle ? How does the value 

9 -noT^ increases from 90 to 180° ? From 180 

o 2.0° ? From 270 to '360° t Similar questions may be aske” for 

theco.sincnndfor.thetongentofanangle »sKea lor 

Such questions may be reinforced by the use of figures that illus- 
trate the points in question. Thus an angle twice a given an'gle 

t’renf ’.I T’ “7 ‘he figure. 

A central angle and an inscribed angle on the same arc may be 

a« n in any circle. If thej' have one side.in common, the relaUons 
• )ctw cK>n their sines wi 1 be more apparent. Finally the relationships 
Hint exist may be made vivid by actual comparison of .the numerical 
\ allies found from the trigonometric tables. 

Kot only in these first functional definitions, however but in a 
\ariety of geometric figures throughout trigonometry do functional 
. •lat.ons appear. Thus the law of cosines slates a definiteS i^n 
s up bet ween the three .si.les of a triangle and any one of the anS 

.osLTt ifThSh of the side 'ip: 

poMte It, .i( tin other two sides remain fixed ? How will the anrfe be 

afrected by an increase or a decrease of one of the adjacent sides if ' 

e oyher two sid<;s remain fixed f Are these-statemeits still true if 
the angle in question is obtuse ? « »iui irue ii 

Asanoilief e.xninple, the height of tUree.ortheheight of a buildine 
maj be deterinined by measuring the two angles of eleVatioh froS 
two ppts on the level plain in a straight line with its a r™ • 

».» . tor ,k. hdgh. wi urm, of .l4 M S' onVS 

. lotooco » ho(.oo„ tl,„ p„i„u obserrolion, b, writSj 

tZiAzi “"‘*^”1’ tho^itr^S S 

height of Changes in one of these angles may be discussed ^ 

In a similar manner, every formula that is given or derived ita a 

^M-pssed with W. 



o 

ERIC 


60 


MATHEATATIOS IN SECONDARY EWCA3SON, 


involve the ability to think correctly about the nature of the relation- 
ships which exist betwech related quantities. Specific mention has 
been made already of tliis type of problem in connection with* interest 
•on money. In everyday affairs, such as the filling out of formulas 
for fertilizers or for feeds, or for spraying mixtures on the farm, the 
similar filling out of rccijics for cooking ((»n different scales from that 
of tlie book of recipes), or the proper balancing of the ration in the 
preparation of food, many persons are at a loss on account of their 
lack of training in tliinking about the relations between quantities. 
Another such instance of very common oeeurrence in real life is in 
insunvnee. Very few men or women attempt intelligently to under- 
stand the meaning and the fairness of premiums on life insurance and 
on other forms of insurance, cliieffy heirause they cun not readily 
grasp the relations interest and of chance that are involved. 
These relations are not particularly complicated and they do not in- 
volve any great amount of calculation for the comprehension <»f the 
meaning and of the fairness of the rates. . Mechanics, farniei*s, nier- 
c£iu)ts, liousewives, as well as scientists, and engineers liave to do 
constantly with quantities of things, and the (jiiuntitics with which 
they deal are Telalcd to other quantities in ways that require clear 
thinking for maximum ellieiency. 

One element that should not he neglepted is the occurrence of such 
problemis in public (juestions w^jeh must be decided by the votes of 
the whole people. The tariff, rales <»f postage and express, freight 
• rates, regulation of insurance rates, income tax(^s, inheritance taxes, 
aqd many other public questions involve relationships bet w'een ([uan- 
titics — for example, between the i*ate of income tuxatiem and the 
amount of the income — that require habits of funeti(»nal thinking for 
intelligent decisions. The training in such habits of thinking is 
ther*45>re a vital ehement toward the creation of good citizenship. 

It is believed that transfer of training does operate between such 
topics as those suggested in the body of this paper and those just 
mentioned, because of the existence, of su<*h identical or common 
elements, w’heratis the transfer of the training given by courses in 
/ mathematics that do not empha.size functional ndationships might be 
questionable. ... 

While this account of the functional character, of certain topics in 
geometry and in algebra makes no claim to being exhaustive, the 
topics mentioned will suggest others of like character to the thought- 
ful teacher. It is hoped that sufficient variety has been mentioned 
to demonstrate the existence of functional ideas throughout elemen- 
tary algebra . and geometry. The committee feels that if, this is 
, recognizedj algebra and geometry can be given new meaning to many 
children ,^and that all student will be better able to control the actual 


they ;haeel in their own lives*. . ; *; 
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Chapter VIH. 

TERMS AND SYMBOLS IN ELEMENTARY MATHEMATICS.' 


.1. Limiiationx impoKrd hi/ the committee upon itx work . — The rom- 
niiilee feels thut in Uculing with this subject it should explicitly 
recognize certain general limitations, as follows: 

1. No attempt should be made to impose the phraseology of any 
•lefinition, although the committee should state clearly it's general 
x iews as to the meaning of disputed terms. 

2. No effort should be made to change any well-defined current 
usage utiless there is a strong reason for doing so, which reason is 
supporte<l by the best authority, and, other things being substantiaUy 
i <|iml, the terms used should be international. This principle excludes 
the u.se. of all individual efforts at coining new terms except under 
< ircuinstunces of great urgency. The individual opinions of the 
lucmbers. as indeed of any teacher or bo.ly of teachers should have 
liulc \yeight in comparLson with general u.sage if this usage is definite. 
If an idea has to be expressed so often in elementary mathematics 
that It bccoiiiys iiece.ssary to invent a single term or symbol for the 
put po.se, this invention is neces-sarily the work of an- individual; but 
It IS highly desirable, even in this case, that it should receive the 
sanction of wide use^ before it is adopted in any system of examina- 
iioas. 

3. On account of the large number 'of terms anti symbols now in 
use, the rceomincndatioiis to be maile will necessarily be typical 
Hither than exlmustivc. 

I. GEOMETRY. 


B. Vndejhihd term*^,— The commiUt'ii recommends that no attempt 
tiefine, with any approach to precision, terms whose 
(l(‘Iinitions are not needed as parts of a proof. 

Especially is it recommended that no attempt be m^de to define 
fin^cisely .such terms as space, rmpnifude, point, straiaht line, surface, 
plane, direction, distance, and solid, although the significance of such 
‘terms should be made clear by informal explanations and discussions. 

6. Oefimte mage recommended:--li\^ the 

that the following general usage is desirable;. 

1. eWe should be considered as ^the curve; but where no ambi- 
guity anses, the word “ circle '' may be used to refer either to the 
curve or to the part of the plane inclosed by it. 
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2. Polygon (including triangle ^ square ^ parallelogram ^ and the like) 

• should be considered, by analogy to a circle, as a closed broken line; 

but where no ijmbiguity arises, the word" polygon inny he used to 
refer either to the broken line or to the part of the plane inclosed by 
it. Similarly, signunt of a circle should he defined as the figure- 
formed by a chord and either of its arcs. 

3. Area of a circle :<hould he defined as the area (numerical measure) 
of the portion of the plane inclosed by tho circle.* Area of a polygon 
should be tretUed in the same way. 

4. ^olids. The usage above recommended with respect io plane 
figures is also recommended wdth respect to solids. For example, 
sphere should be regarded as a surface^ its volume should be defined 
in a manner similar to the area of a circle, and the double use oL,the 
word should be allowed where no ambiguity arises. A similar usage 
should obtain with respect* to such ternris as polyhedron^ cone, and 
cylinder, 

5. Circumference should be considered as the length (nuraericjil 

measure) of the circle (line). Similarly, ptrimfer should be defined 
as the length of the broktm line which^ forms a polygon; that is, as the 
sum of the lengths the sides. r 

6. Obtuse angle should be defined as an angle greater than a right 
angle and. less than u straight angle, and should therefore not be 
defined merely as an angle greater than a right angle. 

’ 7. Tho term right triangle srhould be preferred to “right-angled 
triangle,” this usage being now so standardized in this country that 
it may properly bo continued in spite of the fact that it is not inter- 
national. Similarly for acute triangle, obtuse' triangle, apd oblique 
triangle, . 

8. Such English plurals as JhrmuUis and polyhedrons should be 
need in place of the Latin and Greek plurals. Such unnecessary 

^ Latin abbreviations as Q. E, D, and Q, E. F, should be dropped. 

9. The definitions of axiom and postulate vary so much that the 
Committee does not undertake to distinguish between them. 

D. Terms made general, — It is tho recommendation of the commit- 
tee that the modern tendency of having terms made as general as 
possible should be followed,. For .example: ^ . 

1. Isosceles triangle should be defined as a triangle having two 
equal sides, 'fherp should be no limitation to two and only two 
equal sides. 

2i. BectariglefhovAd be considered as including a square as a special 


Parallelogram should be considered as including a rictahgle, 


^ ^ and hence a square, as a special case 

4. SeyfAerU should be used to designate the part of a stra 


light line 


its points as well tbe.figure formeli by an' 
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arc of a circle and iu chord, this being tlie usage generally recognized 
by modem writers. 

h. TermK to be altaruloned.— It is the opinion of the committee thftt 
. the following lerin.s are not of enough consequence in elementary 
inHthemntic.s at the present time to make their recognition desirable 
in examinations, and that they serve <rhielly to increase the technical 
vocabulary to the point of being burdensome and unnecessary: 

1 . Aitfecede'iit and consequent. 

2 . Third proportional and fonrll( proportional. 

3. Binivalent: An unnecessary substitifte for the* more precise 
expre.ssions ‘ equal in area” and ‘ equal in volume,” or (where no 
confusion is likely to arise) for the single word ‘‘equal.” 

4. Trapezium. 

0. Sfholiiim, lemma, ohhmi. sealrne triamjle, .seet, periqon, rhomboid 
(the terra ‘ obliqiie piiBallelogram ” being sufficient), aiid reflex dnfle 
(in elementary geoinetr}’)/ 

(>. Ferni^ \\ki\flni amjh, irhple .auple, and conjugate angle arc not of 
enough value in an elementary course to make it desirable to rec- 
ommend them. 

1. Suhtenil, a word which has no longer any etymological meaning 
to most stndty^s and teachers of geometry. Wiile its use will 
naturall\ continue for some time to come, teachers may’ safely’^ in- 
cline, to such forms us the hdlowing: ' In the same circle equal arcs 
have equal chords.’* 

8. IIonwloffouM, the less technical term • corresponding * being 

preferable. . , 

9. Ouided by principle A2 and its interpretation, the committee 

advises against the use of such terms as the follow’ing: Angle-hi- 
sfi.ctor, angk-sum, conmeutive interior angles, suppkmentacg consec- 
utive extenor angles, quader (for rectangular solid), sect, expkmenL 
transverse angks. ' ^ 

10. It is unfortunate that it still seems to be n^essary to use such 
a term ws paraUdepiped, but we seem to have no satisfactory substi- 
tute. For rectangular parallelepiped, however, the use of rectaur- 
fjnlar solid is recomntiended. If the terms were more generally used 
in elementary geometry it would be desirable to consider carefully 
whether better ones could not be found for the purposes than wo- 
peri^triCf apothenif icosahedron, ^and dodecahedron. 

. - F. Symbols in ekmenfary gtonuiry.~li should be recognized that 
a symbol Uko J. is merely a piece of shorthand designed to afford 
-an easy gr«sp of a written or printed statjbncnt. Many teachers 
and a few writers make an extreme use of symbols, coining new 
ones .to meetsiheir own views as to. usefulness, and this practice is 
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Spoakinj'-of a (alpha) insU^ad of “a 
(»f IiC\ The plan is by no means 
(iroek letU'rs. The committee is ] 
it with the optional usp of the Grec 
In p;(*neral, it is recommended t^ 
i"natt^ any geometric magnitude, 
ambiguity. The use of numbers 
should bo*avoided ihy the use of sue 
With respect to the symbolism 
attention to the fact that the syml 
symbol (for '‘tends to'^ k both 
has constantly grown in favor in rer 
of limits is not generally trcate<l scic 
the idea is mentioned in geometry 
be needed. 

While the teacher .should be alh 
committee feels that it is desirabl 
purely local symbols as the followinj 
^ for “e(}ual in degr<‘es,” 
aas for "two sides and an angle a 
^ ms. for " tw<» sidts and the inejude 
G: Terms not stand (trdu€d\-^Xi tl 
cient agreement upon which to bast 
of tht‘ term roy and as to the value 
and concurrent in elementary work, 
will gradually become standartlized 
of use. 


II. ALGEBRA AND 


//, Terms in algehra, -\. With rt».s 
. calls atlentiorj to the fart that the c 
is fompar'utivtdy n^cent and that thi 
that the U*rminolbgy is so unsettled 
of designating an eejuation of the firs 
never been satisfactory, becau.se th< 
The most nearly intomiational term! 
(or. "first degree equation") and Ih 
brit‘if and suggestive that it should \^i 
2. The term quadratic equation (foi 
• degree equation" is an unnecessary j 
a cpnvenient one) is well established, 
. affected quadratic signify nothing to t 
meaning from, a bemk, and the comm 
dropped. Terms more nearly in gei 
;;- 4 .nd iiecomyUte quadratic. The cojmi 
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aiifele A, ’ and of ‘‘small q instead 
s international with respect to the 
I prepared, however, to recommend 
oek forms. 

that a single letter he used to des- 
, whenever there is no danger of 
•s alone to designate magnitudes 
jch forms A„ A„ ... . 
m for Kmits, the committee calls 
nbol = is adocal one, and that the 
h international and expressive and 
ecerit yeiw^. Although the subject" 
ientificall v iff the secondary school, 
•y and a symbol may occasionally 

llow«‘d freedo^ in the matter, the 
:>le to discourage the use of such 
ng> 


adjacent to one of them,” and 
Jed angl(‘.” 

the present time there is not suth- 
,se n^commendations as to the use 
le of terms like coplanar^ colUnfar^ 
<. ^^any terms, similar to these, 
id or eis(» will naturally drop out 
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espect to equations the committee 
classifutution according to degree 
:iis probably accounts for the fact 
^d. The Anglo-.fVm(Tican custom' 
rst (|egree as a simple equation has 
he ti»rm has no real significance, 
ns are equation of ths first degree 
Umar equation. The’ latter is so 
generally adopted, 
or which the longer terin “ second 
^ synonym, although occasionally 
d, The .terms pure quadratic and 
the pupil except* os ho leftrns the 
mitteo reconimends that ttiey be 
enoral use are complete quadratic 
rum tteo feels, however, that the ' 
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distinction thus denoted is not of much importance and bc]iov^ 
ihat.it can well be clispenaed with in elcnionlHr>’ instruction. 

3. Aa to other special toi^, the committee recommends aban-^ 
cloning, so far as possible, the use of the following: Aggrfiiatiou f*>r 
grouping; vimulum for bar; evolution for finding roots, as a gcni*nil 
topic; involution (or finding powers; extract for find (a nH)t);a6.so- 
luU term for csoust^t term; multiply an equation, dear of fractions, 
cancel and transpose, at least until the significance of the UTms is 
entirely cienr yallquot^pari (except in commercial w'ork);. 

4. The committee also advises the use of- either etyslem of equations • 
or set of equations instead of *'simultuh(^ouj^ equations,’^ in such an 
expression as solve the following set of equations/' in view -the 
fact that at present no well established dt^finite ineaning attaches^ 

• to the term simultaneous," , 

,5. The' term simplify^^ohld not be used in cases whore then' is 
possibility of misuuderatanduig. For f>urposcs of computation, for 
example, the form may bo simpler than the fonn 2y2, and 
in some cases it may be better t(^*xprcss Vf y0.7o instead of 
In such ca-scs, it is better to give more e^xplicit iiisiructions 
than to use the misleading term "s’unplify." 

6. The committee regrets thcTgeneral uncertainty in the use of 
the \j*ord surd, hut it sees no reasonable chance^ at present of replacing 
it by H mure definite term. It ri'cugiiizcs the difliculty gcoorally 
met b}’ young pupils in distinguishing between coejieient and ex/x>- 

but it feels that it is undcsirabh* to attempt to change ttuiiis 
which have come to have a stand aid izi^d nieutiin,*^ and which are 
rcasoiiubiy sinlple. Tlfi'se ccuisidcruticms. will probably lt*ad to. the 
"retention of such terms as rationalize, ixirumous root, cftaracteristic, 
and mantissa, although in tbCi case of the last (wo terms "integral 
part" and "fractional part’" (of a logarithm) would seeih to be 
desirable substitutes. i 

7. While recognizing the motive that has prompted a few teachers 
to speak of "positive z"’instead of "plus a:/' and "negative y" 
instead of " minus y," the committee finals that attempts to change 
general usage should not be made when hasecl upon trivial grounds 
and when not sanctioned by mathematicians generally; 

tn algebra.— The symbols in elementaiy algebra are 
now so welf stand aidized as to refiuiro but few comments in a report 
of this kind. The committee feels that it is desirable, however, to 
ciUl'^attention to the foUowing details:- . * 

T. Owing to the frequent use of tfie letter x, it is preferable to use 
i|ii^center dot raised period) for multiplication in tfie few cases 
ih which any symbol is necessary. For example, in a case like 
1>2*8* • • (z- 1) *ir, the center dot is preferable to the s^bol X ; but 
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ill raseM Hk«i 2a(r — a) Do symbol is necessary. The committee 
r.H-.M„mizes th.it tlie pefio4 (as in a.b) is more n'eafly international 
than the center dot (as in a-b); but inasmuch as the period will 
coiitimie to be used in this country as a decimal point, it Is likely 
to cause confusion, to elementary pupils at least, to attempt to use 
il as. a symbol for multiplication. - 

2. With respis t to division, the symbol s- is purely Anglo^.,Vmericah; 
the symbol : serving in most countries for division as wcIItis nitio. 
j'sin.y ntsther symbol plays any part in business life, it seems proper 

• to consider only the needs of olgcbrA, and to make more use of tlio 
fra. tional form and (where the mcanin& is. clear) of . the symbol /, 
iind to drop the symbol in writinj' .ilgfbraic exprassions, 

3. With re-spect to the distinction b^een the use of + and - 
as symboLs of operiith.n and as syn<l^ of direction, the committee 

no reason for atU'mpting to use smaller sign.s for .the latter pur- 
pose. -such an atlemp't never having received international ns-og- 
imion. and the need of two sets of symbols not tn-ing sufficient to 
warrant violating international usage and burdening the pupil with 
this additional symbolism. 

4. With respect to the distinction between the symbols sand = 

as representing rcspi-etively identity and ec|n.ditv, the committee 
calls attention to the fact 'that, whUe the distinction is generally ' 
reeogniz.sl, the consisUmt use of the symbols Is rarely seen in practice. 
The committee recommends that the symbol = be not employed In ' 
exuniimitions for the purpose of indicating ideptity. Tlie teacher 
howevep, should nse both symbols, if d«‘sirod. ’ 

5. With respect to the root sign; v , the committee recognizes 
that convenience of writing assures its continued use in niuiiy cases 
instead of tlioNfractional exponent. It is rccomniiinded, however 
that in algebraic work involving complicated cases Uie fractionaj 
exponent ho preferred. .\tUmtion is ul.so called to Uie fact that the . 
convention is quite generally acceptral that the syinbol Va (o rep- 
resenting a po.sitive number) means only the positive .sijuaro root 
ttiuUhat the symbol V« moans only the principal nth root, arid 
.similarly for a>*, a'i\ The reason for this convention is apparent . 
when we come to consider the value of V-* + y'»+ Vl6+ V25. 

'l^is convention being agreed to, it isjmpropeFto write ,(4 as 
the complete solution of **- 4 - 0 , bnt^e result should appem^ as . 

H is not in accord with the convention to 
write the. conventional fonn bemg ±y?“±2; and for 

tlie same reason it is impos.sibleto.have _ l, since’tho sym- 

bol refers only to a po 4 ^ye root. Tlieso distinctions are not^inatters 
to be settled by the individual opinion of a tether or a locd group of 
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teachers; they are purely matters of convention as ti> notation, and 
the committee simply sets forth, for the hencfit of the teachers, tins 
statement as to what the convention seems to he ainon^ tint lending 
writers of the world at tlio pn^sent time. 

When imaginaries are used, ^tho symbol i shouhi he einploytHl 
instead of except possibly in the first pn^entation of the sub- 

Ject. 

7. As to the factorial symbols 5! and |5, to represent o - -I • il* • I . the 
tencj^ncy is very genera! to abandon the second one, probably on 
account of the difficulty of printing it, and the enmmitlee so recom- 
mends. This qm>stion is not, however, of m\ieh iinportam <t in the 
general courses in the high school. 

,8. With respect to symbols for an unknown (piantkty tln*re has 
. been a noU^worthy change within a few years. While* the Cartesian' 
use of X and y will doubtless continue for two general unknowns, 
the recognition that tint formula is, in the broad iiso of the U»rin, 

^ c^tral feature of algebra has led U> the extended use (»f the inilitd 
letter. This is simply illustrated in the direction tn solve for r the 
equation A = tH. This custom is now international and should bo 
. fully recognized in the schools. 

q. Tho committee advises abandoning the double colon(: :) in 
proportion, and tho synihol a in variation, both of these symbols being 
now prjictically obsolete. 

J, Terms and symbols in arithmetiz, — 1. While it is rarely wise to 
attempt to abandon suddenly the use of words that are wojl estab- 
lished in our language, the eoinmittee feels called upon to express 
regret that we sUll require very young pupils, ofU*n in the primary 
“l^'desT addeud^ minuend and multi- 

plicand, /rarely understand the real signifi- 

cance of these words, nof dn -they recognize that they are com- 
paratively modern additions to what' used to be a much simpler 
vocabularly* in arithractie. The ^oimniIieeT‘ecomme^^ that such 
terms be used, if at ail, only ^tcr the sixth grade. 

2. Owing to the uncertainty attached to such expressions as 
‘‘to three decimal places,’^ ‘*to Uiousandths, “correct to three 
decimal places,” “correct to the nearest thousandth,” the following 
usage is recommended: When used to specify accuracy in computa- 
tion, the four expressions should be regarded as,. identical. Tho 
;^expr6^ion “to /three ^decimal places” or “to thousaitdths” may be 
us^ in givihi^^U^tions as to the extent of a computation. It then 
refers to a' result carried only to thimsandths/ vnihout considering 
the figure .of ten-thousandths; but it should be avoided as far as 
possible, because it is open to misunderstanding. As to^the tenn^ 
^‘significant figure,.” it should be noted that P is always significant 
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Mrapt when beforer a docimal fra«>tion to indicate the absence 
of integers or, in general, when' used merely t^i locate the decimal 
^^int For example, the xeros underscorwl in the following are 
“significant,'’ while the others not: 0.5, 9.50, 102, 30,20Q. Fur- 
ther, the number 2396, if expressed correct to three significant figures 
would be aTittcn 2400.* It should be noted that the context or the 
way in which a number has been obtained is somotimos the deter- 
mining factor ns to the significance of a 0. 

3. Tlio pupil in arithmetic needs to see the work in the form in 
which die wdl use it in practical life outside the schoolroom. His 
visualization of the proct'ss should therefore not include such symbols 
a-s + , - , X , ^ , which are helpful only in writing out the niiaJ\-sis of 
a problem or in the printed statement of the operation to bo performed. 
Because of tlu*se facts the committee recommends that onl\^ slight 
use be made of these symbols in the written work of the pupil, except 
in the analysis of problems. It recognizes, however, the value of 
sm-h symbols in printed directions and in these -anal vses 

* 1 4 . 

III. (tKNEBAL O^EHVATIO.NS AND BECOMMEN CATIONS. 

A. <i) III nil otsireatioas-. — The committee desires also to record ita 
• Dt'iicf in or thrc'c jijoniTal ol)S(*rYali»>ns. 

I. It is very desirable to bring mathematical writing into closer 
touch with good usage in English writing in general. That we have 
failed III this partK ular has been the subject of frcijueiit comment by 
teachers of mathematics as well as. by teachers of English. This ia 
all the more unfortunate because mathematics may be and i^iould bo 
a genuine help toward the ac.|uisition of good habits in the speaking 
and writing of English. Under present conditions, with a style that 
IS oftmi stilted and ill whii li undue compression is eyident,'we «|o not 
olfer to the student the good models of English writing of which 
mathematics is capable, nor indeed do we*aJwuys offer good models 
of thought processes. -It is to be feared that many teachers encour- 
age t lie U.SC of a kind of vulgar mathematical slung when they allow 
such words as ‘‘tan’’ and “cos,” for tangent and cosine, and habitu- 
ally call their subject by the title “math.” 

2. In the same general spirit tho committee wishc« to observe thM 
teachers of mathematics and Writers of textbooks seem often to haTO 
gone to an extreme in searching for technical terms and for new sym- 
bols. The committeo expresses the hope that mathematics may 
refam, as far ^ possible, a literary flavor. It seems perfectly feasible 
that a pmted discussion should strike the pupil as an expression of 
rearonable ideas in terms of reasonable English forme. Tho fewer 
technical terms we introduce, the is the s ubject likely to give 
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REPORT. 


('haitkr IX — The Present Stati r op DisciruNART Valip.r i* 
Eimication, By Vcvia Blair. 

A rritical suixoy of (lu« liloratuiv relating, to <li#ciplinarv 

values and the transfer <*f training, folloued hv an attempt to for- 
mulate eondusions warranie«| hy the results of invcatigationa and 
snpp(irte<l hy lending eiiueational psyehologists. 

(hlAITER A t'RmcAI. .Sirov op TUP, (VVRRP.IJVTION .MeTIIOO 

Aitmei* TO <;r.u>E8. Bv a. K. (Ynthorne. 

.\ii invesligatioir Ui determine the servieeabilil v ami roliabilitv in 
<M hn ational prohlem.-. of the theory of ,„rrelafion applied to gradw. 
Jhe ehapter hegms w,iih a nontcH-hnical deseription of the theory of 
eorrehit:i<.n. This is folhjwed hy an attempt to forniuhito a aeolc of 
values for . the eorrplation ooenieient with a view of determining 
With as nuK-h iwcUion a*s possible* what ronstitutos ‘‘high ” 
- medium,” or '• low ” eorrelation. Finally the theory is applied to 
nil the studies in t^he high-sehc>ol eurrieulum— wnth some signihrant 
nsults as tti the eiiurationnl influence of certain groups of subjects 
ns eimipared with other groups. 

fllAPTER XI,— .\^ATHE,VIATUAI. (VRRJCtXA IN FoRElON. ('orNTRIER. 
. / Hy .1. (.'. Bmwn. 

A lirief aeeount of the work in mathematics offertMi by the eiemen* 
tary and .seeondiuy schools of Austria, Belgium, Denmark, France, 
Gernmny, Hollan.l, Hungary, Italy, Japan, Roumunia, Russia! 

V weden, and Switzerland, followed hy a general summary oomparing 

conditions in the United States with those in the countries mentioned 
I * • 

ClIAITEE XII|— ExPEjU.ME.VTAr, CotJR8E8 IN MATHEMATICS. Bj 

Raleigh Schorling. 

^ cxtensiv4 description of tho work in mathematics given in 14 
leading experimental schools of this country-^ ving in detail tho 
order of topics and the time devoted to each, the equipment of the 
schools, the cost of the instruction, etc. 
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Chapter XHI. — Standardized Tests in ^Iatiiematics for 
Secondary Schools. By 0. B. Upton,. 


. A description of various standard tests in arithmetic*, algebra, and 
geometry, and a discussion of their use in the teaching of matjie- 
matics. The tests considered arc the following: The Courtis 
arithmetic tests, the Woody urithlnetie scales, the Woody-McCall 
arithmetic test, the Stone reasoning tests, the Courtis standard prac- 
tice tests in arithmetic, the Studebaker practice exercises in arith- 
metic, the Rugg-(’lark practice exercises in first-year algebra ,\he Hotz 
first-^ear dgehra scales, the KeUy mathematical values test, the 
Minnick geometry tests, the Rogers prognostic tes{s*i»f mathematical 
ability, and others. - ‘ ^ 


CiLVPTER XIV. — The Tilvining of Tkachkhs of MATUEM^ra; 

. /By R. C. Archibald. 

A selection from the results of an extended and detailed investiga- 
tion, covering every State in the Union and all the larger cities, con- 
cerning present comliliohs n‘garding tlu‘ training of teachens of 
mathematics, the facilities for providing such training, and the 
requirements for certification. The selection is made for the pur- 
pose of exhibiting the highest standards to he foiiml, in various parts 
of fhc country an«l the courses of stuily for tin* training of teachers 
given in various institutions. The <*h1ipter also includes a brief 
survey of conditions i?i certhin foreign countries. 

,t?HAPT;ER X\'.-ir(^ERTAIN QUESTIONNAIRE I5fVESTIOATIONR. By 
^ W. F. DouTiey, A. R. (Vathorne, Alfred Davis,* and. others. 


These investigations relate Unlhe interests of high-scliool pupils, 
change of mind as to life w(»rk between high school and college, the 
importance of mathematics, etc. . . 

Chatter. XVI.-^Bibuooraphy on the Teaching of {^Iathematics. 
By D. Fj. Smith and *J: A. Foberg. 


This bibliography lists all the articles relating to mathematics 
that have appeared- since 1910 in ii, number of leading educational 
eriodicals, and gives in addition to author, title, Rnd place of publi- 
a brief summary of each article. " \ 


INDEX. 


Algebra, elemen(ar>*, minor and major college-entrance requiromente, 41-43; grades 
neyon, eight, anti nine, 19-21; grades ten., eleven, s.r.d twelve, 30-31; relation- 

ships, M-57; terms and symbols, 65-68. ‘ 

Arithmetic, applications to business, 18; terms ami symbols, 68-69, 

Biography of mathematics, 22-23. 

( ah ulus, elementary, 32-33; recommendations, 34-35. 
rollege-entrance requirements, 36-46; definition, 41-46. 

«/#o Algebra, Geometry. • . 

Computation, numerical, 23-24. 

(’oursea of stutly, elective, .gratfes ten, eleven and twelve, 29-:J4; “general,** 10-12; 
high-schwl movement, 12-13; jAinior high school, 24; optional topics, graded 
seven, eight, and nine, 22; required, 12; topics to be in< Iuded in high schj^l, 

^ 36^3i; tx>pic8 to In* omitted or postponed, grades seven, eight, and nine, 22-23;^ 
value of topha as preparation for elementary, 38-39. StP.aho Algebra, Calrulus'" 
GcMinietry, Trigonometry, et»*. ► , ' 

Kight-four plan, scb^ool organized, 25- 26. 

ICjective t-ourses, 29-33. 

hlementary college courses, value of topics as preparation, 38-39. 

Elementary matheinatifs, terms aVid symleds, 61^70. <» . • , 

Function concept, secondary school raathematifs, 53-60. 

Geometry, demonstrative, 21-22; intuitive, 'lH-l!>; relatiorwIii|w, 57-5S; terms and 
symbols, 61-65; work, 31-32. 

tJeometry (plane), college entrance requiremiMits, 43-46; list of jiroj Motions, 47-51. 
(Jeometry, plane demonstrative, 2ft~30. * • * 

Geometry, solid, list of propositions, 51-52.^ ' 

(trades seven, eight, ami nine, material, 17-26. ’ 

History of malliematits, 22, 33. ' ^ 

Instruction. Mathematical instruction. 

Junio^liilh school, course of atudy, 24; movement, 12-13. , 

Materials, plans for arrangements, 33-35; suggested acTangements, 24-26. 

Alathematical instruction, aims, 4-8; attitude* of colleges, 4(M1; organization of 
Bubjqct matter, 10-13; point of view governinig, K-lb. , . . •* 

Mathematics, history and biography, 22 . * 5 

National Committee on Mathematical Requin nieids, oflicemand meml>ere, iv; organ- 
ization and purpfise, v-vi. 

Problems, educational utility, 23. * ‘ ^ 

Secondary sdhool mathemati<'s, func'tion < oncept, 63-60. 

Statistics, elementary, 32. . . 

Teachers, standards, 14-15; training, 13-15. ^ 

...Te^nuapd ^ 

trigohobaetiy, de^ numerical, '21; relatipnshijM, 59. Vv . 

, Ymms sey^b, e^ht, and ’ 

Yean ten, elbveh, and twelve; 27-35. 
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